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Abstract
In many engineering, computer science and economic applications, the model, or the system

design has to satisfy the condition that it precisely (or approximately) goes through a set of specified
points. This means that the system has to perform as an (approximate) interpolator (interpolating
function, also named interpolants). The first question asked is if there is a simple way to design
good interpolators with FLSs. We answer this first question in a positive way by providing a
systematic and simple method for interpolation with FLSs and proving that FLSs are universal
exact interpolators. Fuzzy logic systems are known to be universal approximators; that guarantees
that they can also perform as universal approximate interpolators. Finding a good approximator
with fuzzy logic systems (FLSs) may be difficult and computationally demanding. A procedure is
provided for automatically building guaranteed approximators for real valued functions defined on
the line. Also, a method for building interpolators for functions with jump discontinuities is shown.

The next question asked is: Is it possible to define interpolators with logic systems under
various other logics determined by t-norms and related s-co-norms? A method for interpolation
and approximation in Rn is proposed, based on t-Logic Systems (t-LS, TLS). t-Logic Systems are
systems from an n-dimensional space to the real line, based on a logic defined by t-norms and co-
norms. They include a first stage of assigning to the real-valued inputs a t-distributions, a second
stage where an inference is performed in the framework of the chosen logic, and an estimation stage,
where the result of the inference is converted into a real number. Typical examples include fuzzy
systems, Z-number based system, and probabilistic systems. Similar to neural networks (NN),
fuzzy logic systems (FLSs) with center of gravity (c.o.g.) estimator (named defuzzifier for FLSs)
are universal approximators. Even more, FLSs with a c.o.g. defuzzifier are interpolators for well-
behaved functions. The general t-logic systems have similar properties. These general properties
have wide applicability in economics, engineering, and decision making. In many cases, the type
of t-logic, in particular the type of fuzzy logic used in the FLS does not play an important role
in the universal approximation or interpolation properties, thus leaving much space for the tLS
and FLSs optimization. The paper provides results about interpolation, and in subsidiary, for
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approximation with tLSs, in particular with FLSs, and discusses various applications. The results
may find applications in various fields.

Keywords: interpolation, approximation, logic system, t-norm, fuzzy logic system, dense set,
isopleth mapping.

1 Introduction
Applications of interpolating functions include domains such as image processing [29], cartography

[10], modeling in economics [7], engineering [3], medicine, data recovery [4], [13], data analytics and
visualization [11], [14], [16], [20], control, physics and material science [17], and numerical analysis.

We name interpolator any interpolating function; "interpolant" is another name used in the lit-
erature. The interpolators discussed have the form f : R → Rn. For example, in cartography, the
coordinates of the known points (xk, yk) are corresponding to known heights hk and the problem of
interpolation is to estimate the height at some point of coordinates (x, y) on the line segments be-
tween the known points (xk, yk) and (xk+1, yk+1). Interpolators are supposed to add some meaningful
information to the one already contained in the known points, else, they are useless. For example,
in cartography, in a planar representation, intepolators should allow us finding an estimation of the
height of the terrain at a point between two neighbor points with known altitude. The simplest in-
tepolators are line segments between two close (successive) known points and, in R3, planar surfaces,
e.g., triangles between three close points (nearest neighbors).

There are many classes of interpolating functions, beyond line segments and planar surfaces [10].
Some of the interpolating functions behave in an undesirable way, taking values far outside the interval
delimited by the the interpolation points. Such a case is the class of polynomial interpolators.

Efficient interpolators have been continuously proposed and refined during the last two centuries,
e.g. [28], [27], [5], [19]. This article shows that FLSs and, more generaly, t-LSs may offer an
easy way of automatically building interpolators that have a set of desirable properties. Formally,
the fact that FLSs can be interpolators is clear from the interpretation of a set of points in Rn,
{(xk1, · · · , xk,n)}k=1···n ∈ Rn as a Sugeno-type FLS assigning the singleton (xkn, 1) to the singletons
((xk1, · · · , xk,n−1), 1). This construction is unsatisfactory and trivial because the function defined by
the FLS with defuzzification is discontinuous at the interpolation points and is zero between these
points.

Although the problems of interpolation and approximation are distinct, for practical reasons, the
interpolation points are frequently points on the graph of a function; then, an interpolating function
should also be a reasonable approximation of that function. Typical applications where that occurs
are data visualization; in these cases, the measurement points serve for tracing surfaces and curves.
The "good approximation" property of the interpolation function is observed in this article.

2 Types of functions considered for interpolation and desirable prop-
erties as approximators

The functions interpolated (and approximated) are considered to be real valued functions that are
’well behaved,’ meaning that they are defined on a bounded closed interval J ⊂ Rn, are continuous
except a finite number of discontinuities, all discontinuities being bounded jumps, and have a finite
number of subintervals of monotony on J . Because they are continuous on a finite number of intervals,
on those intervals the function is bounded. Moreover, we are ensured that the function is bounded on
the definition interval, as it is on every subinterval and all jumps at the boundary of the subintervals
are with bounded jumps. In other words, the function is defined on ⋃k

h=1 Jh where Jh ⊂ J ⊂ Rn

and Jh forms a partition of J , Jh ∩ Ji̸=j = ϕ, ∪k
h=1Jh = J . On every Jh, except a finite number

of points on their boundaries, the function has no discontinuities. The assumption of monotony on
each subinterval is a technical one, allowing us to simplify the discussion; it can be removed without
consequences for the results.

A desirable property of the interpolators is that, between the interpolating points, the interpolators
have guaranteed "small", “constrained” variations, meaning that their variation is bounded by the
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values in the interpolation points. Recall that not all classes of interpolators have this property; for
example, polynomial interpolants do not have it.

When discussing the interpolation problem, points of essential discontinuities of the interpolated
function may become points of continuity of the interpolator, such that the interpolator is a continuous
function on the entire definition interval. For example, polynomial interpolators behave in this way.
However, there are cases when the interpolation points belong to a curve or surface with (bounded)
jump-type discontinuities; in this situation, one may need interpolating functions with discontinuities.
This issue is treated as a distinct case.

3 Why the FLS can interpolate
For an easy introduction of the topic, simple examples are shown for interpolators with FLSs in

the next subsection.

3.1 Simple interpolators with fuzzy logic systems for points of continuous func-
tions

We assume min-max fuzzy logic systems on an interval of R. The case of interpolated functions
f : J ⊂ R → R and f : J ⊂ R2 → R, where J is a closed, bounded interval are the simplest; we
also assume that f is continuous except a finite number of discontinuities, moreover that f does not
have infinite oscillations on J ; that means that for any value a ∈ f(J ∈ R), there is a finite number
of values x ∈ J such that f(x) = a. For example, functions that behave similarly with f(x) = sin(1/x)

1/x

are not allowed. (As said, this assumption is only technical, for ease of discussion).
Solutions of interpolation with FLSs is graphically explained in Figure 1 . One of the possible

solutions uses triangular membership functions (m.f.s), e.g., m.f.s overlapping two by two, with the
condition that the points where the m.f.s defined on Ox (input) have value 1 are the abscissas of
the points of interpolation; moreover, the m.f.s defined on Oy, including singletons, have the same
property, having value 1 on the ordinates of the interpolation points. For Sugeno (also named Takagi,
Sugeno, Kang, TSK) FLSs, the singletons are positioned at the ordinates of the interpolation points.
The triangular m.f.s for the independent variable x were chosen for their simplicity; in fact, any m.f.
type with a single point where it has value 1 is acceptable. The respective point will be named apex.
A decisive demand for the simplicity of computations is that the m.f.s intersect at most two by two,
such that, in the abscissas of the interpolation points, a single m.f. has non-zero value. This ensures
that exactly a single m.f. is fired at any interpolation point. The condition is not, however, a necessary
one. Similar considerations are used for Mamdani FLSs. (We write Mamdani, instead of Mandani;
both variants are used and in some papers appear both variants, e.g., in [6].)

Figure 1: Sugeno type FLS interpolating an empirical distribution function (based on Fig. 1 in [9])

When x corresponds to an interpolation point, (xk, yk) ∈ R2, as in Figure 1, only one singleton
represents the output of the FLS; therefore, for x = xk, y = yk, and the system satisfies the interpola-
tion condition. Importantly, the output value of the FLS with center of gravity (c.o.g.) defuzzification
always remains in the interval [yk, yk+1] when x ∈ [xk, xk+1]. This is due to the condition that the
input m.f.s are overlapping at most two by two.
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Figure 2: Details of the cases of input membership functions for Sugeno type FLS

We say that a set of m.f.s, each having an apex (a single point where they attain the value 1),
{µk : R → R}k, with apexes xvk

, overlap (at most) two by two when (i) ∀h∄j ̸= h such that (s.t.)
µj(xvh

) ̸= 0; (ii) for any three different indices h ̸= j ̸= k ̸= h, ∄x s.t. µh(x) · µj(x) · µk(x) ̸= 0. When
∀h∃j s.t. in any vicinity V of xvh

, the condition µj(xvh
) ̸= 0, we say that the m.f.s exactly (regularly)

overlap (two by two). The definitions do not require a specific shape of the m.f.s. These definitions
are directly expandable to m.f.s in Rn, but the condition (ii) becomes more laborious.

For computational reasons, it is desirable that, except the interpolation points, there is no point
x ∈ D where a single m.f. has non-zero values, as in Figure 2 (a), in [xk, xk+1]. Then, the intepolating
function is a piecewise linear functions with line segments defined by the interpolation points. In this
case, the use of a FLS for interpolation brings nothing but increased computation compared with the
straightforward linear piece-wise interpolator. The case in Figure 2 (b) may be more interesting. On
the intervals [x′

k, x′′
k+1] the defuzzified output has the form

y(x) = βkµk(x) + βk+1µk+1
µk(x) + µk+1(x) .

As µk(x), µk+1 are linear functions, the denominator and the nominator are linear expressions; there-
fore, on the interval [x′

k, x′′
k+1], the interpolator is a rational function. The respective rational function

may be more suitable in certain applications than a linear segment; this may justify the use of this
type of interpolator. However, on the intervals [xk, x′

k] and [x′′
k, xk+1], the defuzzified output is a

constant, equal respectively with βk and βk+1, which may be inconvenient in applications. The worst
case is shown in Figure 2 (c), where the output is constant in the intervals [xk, x′

k) and (x′
k, xk+1] and

is undefined at x′
k = x′′

k+1. A more interesting case in applications is shown in Figure 2 (d), where
three m.f.s intersect at every xk except the first and the last. In this case, however, more computation
is required. Specifically, excepting the first and the last interpolation points, a system of equations
has to be solved to find the interpolator,

· · ·
βk−1µk−1(xk)+βkµk(xk)+βk+1µk+1(xk)

µk−1(xk)+µk(xk)+µk+1(xk) = yk x = xk

· · ·
.

One can solve the equation system by choosing a first m.f., µ1, then determine µ2 from the condition
at x1, µ1(x1)β1 + µ2(x1)β2

µ1(x1) + µ2(x1) = y1. This condition determines the left vortex of µ2. Then, one continues
solving the equations from the system up to the last one.

In case of m.f.s with non-triangular shapes, between the interpolation points, the defuzzified output
is a fraction with the nominator and the denominator represented by weighted sums of the respective
of functions. When three or more m.f.s are allowed to overlap, the computations may become difficult,
or may require approximate computations, ruining the aim of exact interpolation.

Property 1. A TSK interpolating FLS in the plane with input triangular m.f.s that overlap two by
two is an interpolating function that has values in the interval [yk, yk+1] on any interval between two
successive interpolation points xk, xk+1.

The proof follows directly from the above description. More generally:

Property 2. Consider a TSK FLS on the line, with all m.f.s continuous, with values larger than 0 on
an interval J ′′ ⊂ J ⊂ R (with the closure of J ′′ denoted by J ′ ⊂ J), having a single apex, overlapping
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two by two. Then,
(i) the TSK with output singletons yh corresponding to the m.f.s µh and with c.o.g. defuzzification

interpolates through the set of points {(xvh, yh)}h;
(ii) assume xvh

< xvh+1 ; then, ∀h, ∀x ∈ [xvh, xvh+1] : min(xvh, xvh+1 ≤ y(x) ≤ max(xvh, xvh+1);
that is, the values of the defuzzified FLS remains between the interpolated points for two successive
such points. Similarly for xvh

> xvh+1

Proof. As a single m.f. is not null in a point representing the apex, (i) is true. Between two
successive apexes only two m.f.s have non-null values; for a given x ∈ [xvh, xv(h+1)] denote for easy
notations a = µh(x), b = µh+1(x). Then, the defuzzified output is ayh+byh+1

(a+b) . Assume yh ≤ yh+1.
Then, as a, b ≥ 0, ayh+byh+1

(a+b) ≤ ayh+1+byh+1
(a+b) = yh+1. Similarly, ayh+byh+1

(a+b) ≥ yh.
Property 2 is useful in applications because it ensures us that TSK interpolators on the line behave

also as approximators. Consider a function f : J → R with the stated properties (continuous, with
a finite number of oscillations) and an error ϵ desired in approximation. Denote by [m, M ] = f(J).
Build the subintervals [m + kϵ, m + (k + 1)ϵ], k = 1, · · · , ⌈ (M−m)

ϵ ⌉. Then, use the set of points
{(xk = m + kϵ, yk = y(m + kϵ))}k as interpolation points. Between to such points, we are guaranteed
that the function remains at a distance less then ϵ from the respective points of interpolation; there-
fore, the approximation by the interpolating TSK is guaranteed, according to Property 2. As TSK
FLSs are universal interpolators, Property 2 proves that TSK FLSs are universal approximators for
functions f : J ⊂ R → R, which is a proof of the theorem:

Property 3. TSK FLS are universal (exact) interpolators and uniform approximators for continuous
functions f : R → R defined on bounded intervals.

The property #3 results directly from the first property and the above discussion. A similar proof
shows that Mamdani FLSs are both universal (exact) interpolators and uniform approximators for
continuous functions f : R → R defined on bounded intervals. Property #3 shows that FLSs are
dense in the set of continuous functions on bounded intervals in R.

This property is meaningful in that, when the interpolation points are chosen such that the in-
terpolated function (assuming the point are on an interpolated function) remains monotonic between
successive interpolation points, the interpolator does not go outside the interval of values of the inter-
polated function. This is a desirable property for interpolators.

The above discussion shows why the case of Mamdani type FLS interpolators may be worth ana-
lyzing. That is because the form of the interpolators based on TSK systems, between the interpolation
points, is always given by a ratio of sums of the input m.f.s., which may be a too simple function for
the application treated.

An example of Mamdani-type interpolant in the plane is shown in Figure 3, where triangular m.f.s
are used at the input and at the output. The interpolator is built in a way similar with that for TSK
FLSs. The easiest construction is to choose the vertices of the input triangular m.f.s at the point xk

and the vertices of the output m.f.s at the values yk, with the input m.f.s overlapping precisely two
by two, and similarly for the output m.f.s. Easily extending the above Properties, one derives that
Mamdani FLSs with triangular m.f.s are universal interpolators and approximators. The discussion
in this Section was partly presented in [23], [24], [25], [26], under different frameworks.

Computational aspects. For the interpolation of a set of n points in the plane, {(xk, yk)}k=1,···,n,
according to the method shown in this Section, one needs n m.f.s on Ox and n singletons, for the case
of TSK FLSs, respectively a set of n m.f.s on Ox and n m.f.s on Oy for Mamdani FLSs. Similarly,
for the interpolation of a set of n points in the Rm, one needs n × m m.f.s. The definition of n × m
m.f.s overlapping exactly two by two can be done automatically, yet it is cumbersome. The number of
m.f.s required for the interpolator can be reduced to 2n by defining (n − 1)-dimensional m.f.s for the
input of the FLS and n one-dimensional m.f.s for the output of the FLS. An example for interpolating
in R3 is shown in Figure 4, where one replaces the one-dimensional (1D) m.f.s, µ : R → [0, 1] with
two-dimensional (2D) ones, µ : R2 → [0, 1].

While we discussed min-max logic FLSs, the extension to max-product fuzzy logic systems is
immediate. All the above considerations, including the three properties, can easily be extended, with
a few details changed, to Mamdani FLSs.
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Figure 3: Mamdani type FLS interpolating through a random set of points in the plane.

Figure 4: Mamdani type FLS interpolating a random set of points in the R3. Only the projections of
the points on the plane of the independent variables (inputs) and the related membership functions
are shown. The vertical arrows show the interpolation points, where the input m.f.s must have value
1. Combining 1D triangular m.f.s into a pyramidal 2D m.f. simplifies the description of the FLS.

Being both universal interpolators and approximators, FLSs are powerful tools, as are the neural
networks, various classes of polynomials, and trigonometric polynomials. Among others, they can
model probability density functions, as in Fig. 1, which is a first step toward the use of FLSs in many
AI applications.

3.2 Simple interpolators with FLSs for functions with jump discontinuity points

As an example of application where such functions may be of interest consider the cartography
problem of representing a terrain with cliffs. Thereafter, we discuss the case of interpolation with
FLSs jump discontinuities, in relation with Figure 5. The example in Figure 5 (a) uses Sugeno FLSs
with c.o.g. defuzzification, but either Sugeno or Mamdani FLSs can be equally used. (In case of
Mamdani FLSs, we assume that the output m.f.s are isosceles triangular, overlapping two by two.)
In Figure 5 (a), the FLS output is a step function, with a jump discontinuity; for x ≤ xi, y = βi;
for x > xi, y = βi+1. Only two singletons and a single jump are shown. The discontinuity in Figure
5 (a) does not disappear if µk and µk+1 overlap, but the output is no more a step. The example in
Figure 5 (b) is more useful in applications, as a variety of shapes of the function can be obtained
close to the discontinuity. Figure 5 (b) illustrates two cases, one TSK system and one Mamdani
system (superposed). For the value at the right of the discontinuity is as specified in Figure 5 (b),
µk+2 with TSK system, the left vertex should be slightly larger than xi at the discontinuity (the
vertex coordinate should be xi + ϵ, which creates a small interval of length ϵ where the function has
a constant value. The step of width ϵ can be avoided by replacing the triangular m.f. µi+2 with a
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function that has at xi a horizontal asymptote, for example y(x) = 1 −
√

1 − (x − x0)2. In Figure 5
(b), for the case of the TSK system, the graph at left of xi is given by an expression with the form
y(x) = βi−1 · (ai−1 + bi−1x) + βi · (ai + bix)

ai−1 + bi−1x + ai + bix
, where µi−1(x) = ai−1 + bi−1x, with the constants ai−1,

bi−1 defining the triangular m.f.s at the left of x0, and similarly for µi. The rational function y(x) at
the left of x0 allows for an approximation of the interpolated function. A similar argument stands for
the case at the right of x0. Using Mamdani FLSs, see the doted triangular m.f.s in Figure 5 (b), may
help improve the approximation of the interpolated function, as the input-output function of such a
FLS is a fraction with a polynomial of degree 3 at the nominator and a polynomial of degree 2 at the
denominator, when the input and output m.f.s are piecewise [23], [26].

Figure 5: Discontinuities with FLSs at an interpolation point.

The generalization to the n-dimensional case of the interpolation with discontinuities is straight-
forward. Also, the algorithms for automatically building interpolators for a set of given points is
straightforward.

Remark. As FLSs can produce step-wise interpolators; therefore, as stepwise functions are uni-
versal approximators (Weierstass approximation theorem, starting from stepwise functions), FLSs are
universal approximators of continuous functions C : Rn → R defined on a closed bounded interval in
Rn. Therefore, the set of FLSs is dense in the set C.

This is maybe the simplest proof of a result given in [22], based on Weierstrass theorem, and
independently in [3], with further analysis in [12].

3.3 The n-dimensional case

The n-dimensional space construction is similar to the 1-dimensional construction, but it is more
elaborate and there is no simple visualization.

Consider a set of interpolation points Qj = {(xj , yj)}j=1,. . . ,m, xj = (xj1, . . . , xj(n−1)) ∈ Rn−1,
and yj ∈ R. For ease of explanation only, assume that no two interpolation points have the same
coordinate values for any coordinate, that is, there are no j1 ̸= j2 and no k such that xj1k = xj2k.
(There is no consequence of this assumption for the proof, but the proof has to consider more special
cases without this assumption.) Then, one can construct membership functions for each coordinate
xjk as discussed in relation with Figure 4 and choose either singletons or other type of m.f.s, with the
output m.f.s symmetric and centered on yj ; the obtained FLS is guaranteed to interpolate the given
points, without jumps.

For the case of R2, if one accepts that the interpolator is not defined on polygonal lines and that a
stepwise function is acceptable as interpolator, then instead of using the rectangles defined in Figure
4, one can use the polygonal regions defined by the Voronoi diagram [1], [15], [18] for those points
and assign to each region an output singleton corresponding to the y coordinate value of the point
defining that region in the Voronoi diagram. This method, however, makes more difficult the choice
of the m.f.s, considering that the domains where they are not null should intersect such that in the
interpolation points, representing the apexes of the m.f.s, and in the apexes a single m.f. should be
not null.

Finally, as a matter of example, it is easy to see that, for the case in Figure 4, the interpolator is
also an approximator in the sense of Property 2. Precisely, the height of the surface described by the
interpolators remains between the maximal and minimal values of the neighboring singletons.



https://doi.org/10.15837/ijccc.2026.3. 7526 8

4 Interpolation with t-logic systems
In this Section, a direct generalization of the interpolation problem previously discussed is given

using t-norms and co-norms instead of min − max fuzzy logic. The structure of t-logic systems is the
same as for FLSs. The difference is that instead of using min-max, or max-product logic one uses
a general t-norm and its conorm; also, instead of m.f.s, we use the slightly more general concept of
distribution function.

A function defined on Rn is named distribution function (DF) or, when there is no risk of confusion,
simply distribution if (i) it has values in [0, 1]; (ii) it is continuous except a countable set of points
of discontinuity, (iii) it is Lebesgue measurable, and (iv) its measure is finite. Distribution functions
can be seen as probability density functions (pdf) in the context of probabilities, logic distributions
functions when in the context of systems based on logic operators, membership functions in the context
of fuzzy logic systems, or belief distributions in the context of belief theory. A convenient wrapping
name for DF could be "credibility distributions". Only DFs with bounded support will be discussed in
this paper, without loss of generality. In addition, with some loss of generality, the DF are considered
continuous. This, in turn, makes them Riemann integrable.

For ease, we consider only density functions defined on the same bounded and closed domain
D ⊂ Rn; possibly, some of these functions have non-null values only on an open compact of D. When,
for ease of notation, it is preferable to write expressions on an infinite domain, the density functions
are extended with 0 values outside D.

A DF f(x) will be named unimodal iff there is a unique value of x ∈ Rn, denoted xv, such that
f(x) = 1. That value of xv will be named apex (vertex, if no confusion arises) of f(x); depending on
the context, the point (xv, 1) ∈ Rn × R will also be named apex of the DF.

An estimator E is a function from the set of density functions, {η(x) : Rn → [0, 1]} to R+. Here,
x is considered an element in Rn. When the estimator is applied to a specified density function, one
says that it estimates the variable having that density. For ease of treatment, we use only DF defined
on D ⊂ R, D compact, in the remaining part of the article. An estimator E of a variable x with
density η(x), η : R → [0, 1] is said to be an average (or center of gravity, c.o.g.) estimator when it is

defined by E[x] = xe =
∫

D xη(x)dx∫
D η(x)dx

. For generality, when D is extended to R, E[x] =
∫ ∞

−∞ xη(x)dx.
If η is unimodal with apex xv and xv = xe, η is said to have the center at xv.

Examples. For η defined on R, Gaussian densities η(x) = 1/(σ
√

2π)e−(x−a)2
/(2σ2) are centered

at a. The Gauss-like density η(x) =

Ae− (x−a)2

2σ2 x ∈ [a − b, a + b]
0 else

is centered. Also, the ‘triangular’

density η(x) =


(x − a)/b ifx ∈ [a, a + b]
1 − (x − a − b)/b ifx ∈ [a + b, a + 2b]
0 else

is centered.

Recall that a triangular norm, or t-norm is an operation t : [0, 1]2 → [0, 1] satisfying the conditions:
(i) t(x, y) = t(y, x)∀x, y, commutativity; (ii) t(x, t(y, z)) = t(t(x, y), z) (associativity); (iii) if x ≤ y
then t(x, z) ≤ t(y, z)∀z (non-strict monotony); (iv) t(x, 1) = x∀x (1 is neutral element for the operation
represented by the t norm.) For details, see [8]. Idempotent elements satisfy the condition t(x, x) = x
[8]. From (iv), t(0, 1) = 0 and because as 0 ≤ 1, applying (iii), it results that t(0, 0) = 0. Also,
from (iv), t(1, 1) = 1; thus, 0 and 1 are idempotent. The s-conorm of the t-norm is defined by
s(x, y) = 1 − t(1 − x, 1 − y). Conorms have are commutative, associative, monotonic, and have 0 as
neutral element, s(x, 0) = x. Clearly, u < 1 implies that s(u, v) < 1, which is important in developing
interpolators with t-logic systems (t-LSs). Subsequently, only continuous t-norms and corresponding
co-norms are considered.

As said, t logic systems (t-LSs) are built with rules in a similar way with the construction of FLSs.
A rule h with m premises x1, . . . xm and a single conclusion (outcome), y, with densities η1,ηm of the
premise variables, and with the density of the outcome of the rule denoted by ηoh(y), is written as the
resultant density η

′
oh(y) of the y variable,
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η
′
oh(y) = t(η1(x1), . . . , ηm(xm), ηoh(y)).

Several rules that are connected by the co-norm of t constitute a t-LS with conclusion y. A t-LS
with q rules is described by the overall resultant density ηo(y) of the y variable, at the given point
(x1, x2, . . . , xm) ∈ D,

ηo(y(x1, x2, . . . , xm)) = s(η′
o1(y), · · · , η

′
oh(y), · · · , η

′
oq(y)) (1)

where ηoh is the density function of the hth density function in the consequence and h is the number
of the rule. The construction closely follows the one of fuzzy logic systems. The estimator of ηo(y) is
the output of the system. For a specified input value x = (x10, x20, . . . , xm0), the outcome density is
computed accordingly, η

′
o(y((x10, x20, . . . , xm0)) = t(η1(x10), . . . , ηm(xm0), ηo(y)).

When x corresponds to an apex, denoted x = xvh
, η

′
oh(y(x)) = t(η1(xv), . . . , ηm(xv), ηoh(y)) =

t(0, 0, · · · , 1, · · · , 0, · · · 0, ηoh(y)) = ηoh(y). Then, if ηoh(y) is centered (symmetrical) and the input DFs
overlap precisely (i.e., when at the vertex of a DF all other DFs have value 0), the c.o.g. estimated
value is yohv . Therefore:

Remark. When the density ηo is centered, moreover the densities are regularly overlapping,

E[η′
o(y)] = E[t(η1(x1v), . . . , ηm(xmv), ηo(y)] = yv (2)

We assume that densities in equation (1) guarantee that for any (x1, x2, . . . , xm) ∈ D the density
values of the combined premises is not null, except for the contour of D. This requires in turn that
for any point in D there is at least one density function with non-null value; that is, there are at least
two densities functions that meaningfully overlap.

Remark. A system defined by equation (1) is an interpolator for the set of points

P = {(x1v11 , x2v21 , . . . , xmvm1 ; y1v), . . . , (x1vq1 , x2vq1 , . . . , xmvm1 ; yqv)}.

Monotony property - case on R. The following property is useful in the analysis of the approxi-
mation power of the t-interpolators. Consider two unimodal density functions with apexes v1 and v2,
η1 and η2 on R with xv1 < xv2 , both being continuous and strictly monotonic in the interval [v1, v2].
Consider that the two density functions are regularly and meaningfully overlapping. Let x12 be the
value of x where η1(x12) = η2(x12). Clearly, η1 should be decreasing for x > xv1 and η2 should be
increasing for x < xv2 . Then, x12 ∈ (xv1 , xv2) and, because of the continuity, there is at least a vicinity
of x12 where both densities are not null. In addition, there must be a point x2− where η2(x2−) = 0 with
limx→x2−,x>x2−η2(x) = 0 (due to continuity), and values of η2 at right being positive. Similarly, there
is a point x1+ where η1(x1+) = 0 and η1(x) > 0 at left of it. Due to continuity and strict monotony, on
the interval (x2−, x1+) both densities are positive, η1(x) > 0, η2(x) > 0 ∀x ∈ (x2−, x1+) ⊂ (xv1 , xv2).
No other density function is non-null on the (xv1 , xv2) interval.

The expression t(η1(x), η2(x)) is decreasing on the interval (xv1 , x2−) as t(η1(x), η2(x)) = η1(x)
and η1(x) is decreasing. On the interval (x2−, x12) clearly η1(x) > η2(x) and vice versa on (x12, x1+).
On the interval (x2−, x12), η1(x) is decreasing and η2(x) increases; also, on the interval (x12, x1+),
η1(x) is decreasing and η2(x) increases. To simplify the discussion, assume that the two densities are
derivable on (x2−, x1+). Then,

Proposition (Interpolation). A TSK-type t-LS with average (c.o.g.) estimator with input
and output logical functions ηi,o(x) : R → [0, 1] is an interpolator when the following conditions are
satisfied: (i) the functions ηi(x) : R → [0, 1] have a single point where they attain the value 1 and that
point is the abscissa of an interpolation point; (ii) the functions ηo(x) : R → [0, 1] have a single point
where they attain the value 1 and that point is the ordinate of the corresponding interpolation point.

Then, for any finite number n of interpolation points, there is a t-LS system that is an exact
interpolation and the complexity of building the interpolator is O(n). Finally, one could extend the
above considerations to t-logic systems based on non-commutative logics, as described in [21].
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5 Conclusions
The properties of t-logic systems, including FLSs, derive from a combination of the properties of the

t-norms and of the estimator operator (defuzzification), combined with the choice of the distribution
(membership) functions and of their mapping. Choosing distributions that have a single mode (have
an apex) and overlap without covering other apexes localize the properties of the system to the
regions between neighboring apexes and greatly simplify the analysis of t-LSs. Further simplification
is obtained by choosing output distributions that have their c.o.g. at the apex position. Then, it is
easy to derive properties related to interpolation and approximation with t-LS systems on bounded
domains.

Interpolation is essential in many applications in engineering, finance, economics, medicine and
other fields. We proved that (i) standard min-max and max-product fuzzy logic systems, both Sugeno
and Mandani type FLSs are universal interpolators; moreover, the interpolators are universal approx-
imators in the sense of Property 1; (ii) the case of interpolators for points on graphs of discontinuous
functions can also be covered by FLSs; (iii) the n-dimensional case was discussed; (iv) t-logic systems
(TLSs), that generalize FLSs, are universal interpolators as well as universal approximators.

Finding an interpolating function is useful when the interpolator is supposed to bring information
between the interpolating points, that is, to somehow extend the information contained in the inter-
polation points to the intermediate regions between those points. That is not guaranteed for general
classes of interpolating functions, but it was shown that the property is respected for FLSs.

A general method to build interpolators with t-logic systems has been presented. The method
covers as a particular case the interpolation with FLSs, with some details present in case of FLS
missing in the more general case.

A discussion of the use of the presented results in data representation and visualization will be
presented in another study.
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