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Abstract

In this paper we have presented, firstly, an evolution of the concept of fuzzy normed linear
spaces, different definitions, approaches as well as generalizations. A special section is dedicated
to fuzzy Banach spaces. In the case of fuzzy normed linear spaces, researchers have been working,
until now, with a definition of completeness inspired by M. Grabiec’s work in the context of fuzzy
metric spaces. We propose another definition and we prove that it is much more adequate, inspired
by the work of A.George and P. Veeramani. Finally, some important results in fuzzy fixed point
theory were highlighted.
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1 Fuzzy normed linear spaces

Nowadays, fixed point theory and functional analysis have an important role not only in mathe-
matics but, most of all, in many and various applications in physics, computer science, economy etc.
On the other hand, after L. A. Zadeh had introduced in his famous paper [51] the concept of fuzzy
set, many mathematicians considered the fuzzy context as a natural frame within which many notions
and mathematical concepts can be generalized.

In 1977, A.K. Katsaras and D.B.Liu [29] introduced the concept of fuzzy topological vector space
which led, to what we call today, fuzzy functional analysis. In this new context fixed point theory and
operator theory play and will play an important role.
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In 1984, A K. Katsaras [28] introduced, for the first time, the concept of fuzzy normed linear space.
The fuzzy norm introduced by A.K. Katsaras is of Minkovsky type associated to an absolutely convex
and absorbing fuzzy set. In 1992, C. Felbin [20] introduced a new concept of fuzzy norm, a norm which
to each element of a linear space makes it correspond a fuzzy real number. This fuzzy norm induces
a fuzzy metric of the Kaleva and Seikalla type [27]. Inspired by S.C. Cheng and J.N. Mordeson [16],
in 2003, T. Bag and S.K. Samanta [5] introduced a new definition of fuzzy norm that proves to be a
lot more adequate and easier to work with, even if during the following years many mathematicians
have tried to simplify it, to polish it, improve it or generalize it. The advantage of this fuzzy norm is
that it can be decomposed in a family of semi-norms. Moreover, we have to highlight that this fuzzy
norm induces a fuzzy metric of Kramosil and Michéalek type [30].

In 2005, R. Saadati and S.M. Vaezpour [43] introduced a new concept of fuzzy norm which induces
a fuzzy metric of George and Veeramani type [21]. A generalization of these spaces was done the
following year by R. Saadati and J.H. Park [41] who, using continuous t-norms and continuous t-
conorms, defined the notion of intuitionistic fuzzy normed spaces.

A comparative study regarding the different concepts of fuzzy norms was realized by T. Bag and
S.K. Samanta [9] in 2008. They proved that the fuzzy norm of Bag-Samanta type was similar to that
of Katsaras type; it is only that they were defined from two different perspectives. After T. Bag and
S.K. Samanta introduced the notion of fuzzy antinorm they showed that to one fuzzy norm of Felbin
type it corresponds a pair formed from a fuzzy norm of Bag-Samanta type and a fuzzy antinorm.

In this paper we will use the definition of the fuzzy norm introduced by S. Naddban and I. Dzitac
[37] in 2014.

Definition 1. Let X be a linear space over a field K (where K is R or C). A fuzzy norm is a mapping
N : X x[0,00) — [0,1] such that:

(N1) N(z,0) =0, (V)r € X;

(N2) [N(z,7)=1,(V)T > 0] iff x = 0;

(N3) N(Az,7) = N (2,5, (F)z € X, (V)7 > 0,(9)A € K*;

(N4) N(z +y,7+¢) > N(z,7) * N(y,<), ¥V)z,y € X, (V)1,¢ > 0;

(N5) (V)x € X, N(x,-) is left continuous and Tlgrgo N(z,7)=1.
The triple (X, N, x) will be called fuzzy normed linear space (briefly FNLS).

Some remarks are necessary:

1. # is a continuous t-norm (see [48]), i.e. a continuous binary operation
%:[0,1] x [0,1] — [0, 1]

such that (V)s,t,r,u € [0,1] we have:
(t1) sxt =t=s;

(t2) sx1=s;

(t3) (sxt)xr=sx*(t*xr);

(t4) If s <r and t < u, then sxt < rx*u.

Three important examples of continuous t-norms are A,-,*; which are defined by: s At =
min{s,t}, s-t = st (usual multiplication on [0, 1]) and s*1t = max{s+t—1,0} (the Lukasiewicz
t-norm).

2. I. Golet; [23] and C. Alegre and S. Romaguera [2] gave also this definition in the context of real
vector spaces.

3. T. Bag and S.K. Samanta [5] gave a similar definition, but they just added two axioms:
(N6) N(z,7) > 0,(V)r>0= 2 =0;
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(N7) (V)x # 0, N(x,-) is a continuous function and strictly increasing on the subset {7 : 0 <
N(z,7) <1} of R.
The results obtained by de T.Bag si S.K. Samanta can be obtained in this more general context

as shown in papers [37], [36].

This definition is adequate because in this context, as shown in paper [37], X becomes topological
vector space. More precisely, for x € X, e € (0,1) and 7 > 0 we define the open ball

B(X,e,7)={ye X : Nz —y,7) >1—¢€}.
Then
In={GCX : ze€Giff (I)7T>0,3)e e (0,1) such thatB(z,e,7) C G}
is a topology on X.

Moreover, in correlation with this topology, the applications X x X 3 (z,y) - x +y € X and
K x X 5 (A, x) = Ax € X are continuous. Therefore X is a topological vector space.

In the particular case in which * = A, in the same paper it is shown that X with the topology
Tn becomes a locally convex space.

When we work with fuzzy normed linear spaces of type (X, N, A), it is very helpful to us the
family of semi-norms {||-||a }ac(0,1) (see [37]), where

||z||o=inf{T >0 : N(z,7)> a}.

2 Generalized fuzzy normed linear spaces

There are several generalizations for FNLS-s. We will present only three that were given less
attention in the literature of genre, but that deserve to be studied.

First of all it is about fuzzy 1-normed spaces, introduced by I. Golet [23] in 2010.

Let ¢ : R — R such that

1.
2.
3.
4.

P(z) = (=), (V)2 € R;
(1) =1;
1 is strict increasing and continuous on (0, 00);

lim ¢(z) =0; Ilbngo P(x) = oo.

x—0

There are many examples of such functions: ¥ (z) = |z| ; ¥(z) = |z|* o € Ry etc.

Let X be a vector space over R. A fuzzy set N in X X [0,00) is called fuzzy 1-norm if it satisfies
(N1),(N2),(N4),(N5) and

(N3)* N(\z,7) = N (:c L) ,(V)z € X, (V)7 >0, (V) € R.

(A

The triple (X, N, ) is called fuzzy 1-normed space.
Another generalization is made by S. Nadaban [35]. Let X be a vector space over K. A fuzzy set
P in X x R is called fuzzy pseudo-norm if it satisfies:

(PN1) P(z,7) =0,(V)z € X, (V)T <0;

(PN2) [P(z,7) =1,(V)r > 0] if and only if x = 0;

(PN3) P(A\z,7) > P(x,7),Mz e X,V)T e R,(V)A € K, A< 1;

(PN4) P(x +y,7+¢) > min{P(z,7), P(y,¢)}, V)x,y € X, (V)1,c € R;

(PN5) lim P(z,7)=1,V)z € X;

(PING6) If there exists o € (0,1) such that P(z,7) > ag, (V)7 > 0, then x = 0;
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(PNT7) (V)z € X, P(z,-) is left continuous on R.

The pair (X, P) will be called fuzzy pseudo-normed linear space.

Finally, in paper [42], the authors worked with C*-AVF normed space. In order to introduce these
spaces we consider A be an order commutative C*-algebra and we denote by A' the positive cone
of A. Let X # (). We consider some generalized fuzzy sets in X. These are mappings p: X — AT,
which are called C*-algebra valued fuzzy sets, briefly C*-AVF sets. We denote by 0 = inf A* and
1 = sup A*. We consider generalized t-norms on AT, namely mappings ® : AT x AT — AT such that:

1. sOl=s,(V)se AT;

2. sOt=t0s,(V)s,t € AT;

3. (set)or=so(tor),(V)s,t,re At;

4. If s1,59,t1,t0 € AT such that s; < s9 and t; < to, then 51 ®t; < 59 ® to.

If in addition, for every sequences (s;), (t,) from A" converging to s € AT and t € A", we have
that nh_)rgo (sn O tn) = s ©t, we will say that ® is continuous. These t-norms will be called continuous

triangular norms, shortly CTN.

Definition 2. The triple (X, N,®) is called a C*-AVF normed space if X is a vector space over C,
® is a CTN on A" and N is a C*AVF set on X x [0,00) such that:

(N1) N(z,0) =0, (V)z € X;

(N2) [N(z,7) =1,(¥)r > 0] iff 2 = 0;
(N3) N(Az,7) = N (2, ), ()a € X, (V)7 > 0, (%)X € C;

(N4) N(z +y,7+¢) > N(z,7) ® N(y,s), V)z,y € X, (V)7,6 > 0;

(N5) (V) € X,N(z,-): X — A" is left continuous and lim. N(z,7)=1.

3 Fuzzy Banach spaces

The definition of the convergence of a sequence (z,) in a FNLS (X, N, %) is natural and it is used
by all the researchers. Thus, a sequence (x,) is said to be convergent if there exists x € X such that
nh_)rglo N(zp —z,t) =1,(V)t > 0. In this case, x is called the limit of (x,) and we denote nh_{rgo Tp =1
or x, — x. It is easy to see that xny — z iff x,, — x in the topology Tn.

Regarding the notion of Cauchy sequence, the great majority of the articles use a definition inspired
by the work of M. Grabiec in fuzzy metric spaces (see [22]). We will call these sequences G-Cauchy
sequences.

Definition 3. A sequence (x,,) is called G-Cauchy sequence if

lim N(Zpip — @, t) = 1,(V)t >0, (V)p € N*.

n—00

Let us note that (x,) is a G-Cauchy sequence if and only if
(V)e € (0,1),(V)t >0, (V)p € N*, (I)no(e,t,p) € N*: N(zpip — zp,t) > 1 —€,(V)n > ny.

We will use, in this paper, a different definition, motivated by the work of A. George and P.
Veeramani [21], and we will call these sequences G-V-Cauchy sequences.

Definition 4. A sequence (x,,) is called G-V-Cauchy sequence if

(Ve e (0,1),(V)t >0, (F)no(e, t) € N : N(zpqp — Tn,t) > 1 — €, (YV)n > ng, (V)p € N*.
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Considering the ideas from [21], we will justify that Deﬁnition 3 is the adequate one.

Let 2, =1+ 1+ 1+--+1in(R,N,A), where N(z,t) = t+|| Thus
t t
N(Zptp — Tn,t) = = —1,
(n+p nyt) t+|xn+p_x7’l‘ t+%ﬂ+%ﬁ-2+'.‘+%ﬁ-p

as n — oo. Hence (x,) is a G-Cauchy sequence.

As it is natural to consider that (R, N, A) is complete, we obtain that there exists z € R such that
T — T, ie. nlg& N(zp—x,t) =1,(V)t > 0. Therefore hm t+|zn =1 ,(¥)t > 0. Hence |z, —z|— 0,
as n — 0o. Thusl+%+%+-~-+n — x, whlchlsnot true.

Let us show that (x,) is not a G-V-Cauchy sequence. We suppose that (z,) is a G-V-Cauchy
sequence. Thus, for € = % € (0,1),t = % >0,(Ino €N : N(xpyp —zn,t) >1—¢€ (V)n > ng, (V)p €
N*. For p = n we obtain that

t
— > 1-€c< 1 1 1 >1—ec&
b [won — 2 bt tapt ot

1>1<1+1+1++1)@1>1+1++1
3 3 n+1 n+2 2n 3 n+1 n+2 on

But TH + n+2 4+ 4+ % > % + % + o+ ﬁ = % and we have reached a contradiction with the

assumption that we made. Therefore (z,,) is not a G-V-Cauchy sequence.

Definition 5. Let (X, N,*) be a FNLS. (X, N,x) is said to be G-V complete if any G-V-Cauchy
sequence in X is convergent to a point of X. A G-V complete FNLS will be called fuzzy Banach space.

4 Fuzzy continuous mapping and fuzzy bounded linear operators
Let (X, N1,#1) and (Y, Na,*2) be FNLSs with continuous t-norms *p, 3.

Definition 6. [6/ A mapping T : X — Y is called fuzzy continuous at xo € X, if
(V)e >0, (V)a € (0,1),(3)d = é(¢, , w0) > 0,(3)B = B(e, o, o) € (0,1) s.t.

(V)z € X : Ni(x —x,0) > B we have that No(T(x) — T'(x0),€) > a.

If T is fuzzy continuous at each point of X, then T is called fuzzy continuous on X.

Definition 7. [3/] A mapping T : X — 'Y is said to be fuzzy Lipschitzian on X if there exists L > 0
such that

No(T(x) — T(y), ) > Ny ( y, t) (W)t >0, (V) y € X.

L
If L <1 T is called fuzzy contraction.

We note that a fuzzy Lipschitzian mapping is fuzzy continuous.

Definition 8. [6] A linear mapping T : X — Y is called strongly fuzzy bounded on X if there exists
M > 0 such that

No(Tz,t) > Ny (x, ]\Z) , ()t >0,(V)z e X.

In paper [6] the authors also introduce other concepts of boundedness such as weakly fuzzy
bounded, uniformly bounded and they define the notion of fuzzy norm of a strongly fuzzy bounded
linear operator. T. Bag and S.K. Samanta prove in this context the Hahn-Banach theorem, the open
mapping theorem, the closed graph theorem and the uniform boundedness principle.

Fuzzy bounded linear operators have further been studied by many mathematicians (see [34], [45],
[12] etc.). Simultaneosly fuzzy bounded linear operators in Felbin’s type FNLSs have been studied
(see [10], [4], [26], [49] etc.).
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5 Fuzzy fixed point theory

As it was only natural, the first fixed point theorems in fuzzy context were obtained on fuzzy metric
spaces. Thus M. Grabiec [22] introduced the notion of complete fuzzy metric space and extended
Banach contraction theorem in fuzzy metric space. His work was continued by J.X. Fang [19] who
obtained new fixed point theorems in complete fuzzy metric spaces for some contractive type mappings.
After A. George and P. Veeramani [21] modified the definition for a Cauchy sequence, a change that
led to another type of completeness for fuzzy metric spaces, many fixed point theorems have been
obtained within this new frame. Analyzing the many studies to fixed point theory on fuzzy metric
spaces, but, at the same time, as any G-complete fuzzy metric space is G-V-complete, we conclude
that the obtaining of fixed point theorems in G-V-complete fuzzy metric spaces is much more valuable.
As there are many beautiful and important studies dedicated to the fixed point theorems on fuzzy
metric spaces, we will make no further reference. We will refer only to a few recently published papers:
[25], [14], [40].

There are significantly less studies regarding the fixed point theorems in FNLSs. Thus, in 2004,
J. Xiao and X. Zhu [50] obtained the first fixed point theorems for operators on FNLSs of Felbin
type. Then, T. Bag si S.K. Samanta published two articles [7],[8] in 2006 and 2007. In these articles
they introduced important notions as fuzzy non-expansive mapping, fuzzy normal structures, 1-fuzzy
compact sets, sectional fuzzy continuous mappings, but they also proved a Kirk-type fixed point
theorem, a Schauder-type theorem and other fixed point theorems were established in FNLSs. Their
results were processed and developed by I. Sadeqi and F. Solaty kia [46] with the help of the concept
of fuzzy reflexive Banach space.

Other fixed point theorems for self-mappings, coincidence point theorems, coupled fixed point
theorems, approximate fixed point or common fixed point theorems for pairs of compatible mappings
were obtained in the context of fuzzy normed linear spaces (see [32], [33], [47]) fuzzy n-normed linear
spaces (see [18]) or in the frame of intuitionistic fuzzy normed spaces (see [13], [24]) or in generalized
fuzzy normed spaces (see [23], [15]).

Fuzzy fixed point theory is a rapidly developing domain. However, most papers in this field do
not pay much attention to its applications beyond the theory itself, narrowly understood. So, we
feel obliged to refer to the applications as well. The applications of fuzzy fixed point theorems are
numerous, both in mathematics as well as in engineering and economics, in problems of approximation,
in game theory and many others. Recently, in paper [3] there were presented new fuzzy fixed point
theorems in metric spaces and their applications to fuzzy fractals. In paper [39] the authors got a
version of the famous Banach contraction principle in fuzzy quasi-metric spaces. Using this result they
proved the existence of a fixed point for a contraction on the domain of words. Moreover, this approach
led to the existence of solution for some recurrence equations associated to the analysis of Quicksort
algorithms and Divide & Conquer algorithms, respectively. Their results were then expanded in the
context of intuitionistic fuzzy quasi-metric spaces in paper [44]. In paper [31] the authors proved more
fixed point theorems in the context of complete b-metric spaces. As applications, they analyzed the
existence of approximate solutions for Fredholm integral inclusions. In paper [1] the authors studied
some common fuzzy fixed point in F-metric spaces and applied their result for existence of solution of
fuzzy Cauchy problems.

In the following we will present some fixed point theorems in fuzzy Banach spaces. Even if some
of them were obtained using axioms (N6) and (N7), and others using completeness in Grabiec’s sense,
their demonstration in this new context is similar, so we leave it to the reader.

Theorem 9. [17] (Caccioppoli’s fixed point theorem). Let (X, N,A) be a fuzzy Banach space
and T : X — X satisfying:

(V)n e N*,(Ik, >0 : NT"(z) —T"(y),t) > N (x -, t) ,(V)z,ye X,(V)t >0.

ke,
If k, — 0, then T has a unique fixed point.

Theorem 10. [17/ (Kannan’s fixed point theorem). Let (X, N, A) be a fuzzy Banach space and
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T:X — X. If there exists k € (0,1/2) such that
N(Tx —Ty,kt) > N(x — Tz, t) N N(y — Ty, t), V)z,y € X, (¥)t >0,

then T has a unique fized point.
Theorem 11. [}7] Let (X, N, \) be a fuzzy Banach space and f : [0,00) — [0,00) satisfying:

1. f is continuous and nondecreasing;

2. f(t) =0 if and only if t = 0.
If T : X — X satisfying:

N(z—y,t) >a= NTz—Ty,t— f(t)) > a,(V)z,y € X,(V)t > 0,(V)a € (0,1] ,

then T has a unique fixed point.

Theorem 12. [/7] Let (X, N,A) be a fuzzy Banach space, v : (0,00) — [0,1] be a decreasing function
and g : [0,00) — [0,00) satisfying:

1. g is continuous and strictly increasing;
2. g(t) =0 if and only if t = 0.
If T: X — X satisfying:
N(z —y,t) 2 a = N(Tz —Ty,g~ ' (+()9(1)) = a, (V)z,y € X, (V)t 2 0, (V) € (0,1] ,
then T has a unique fixed point.

Another issue that should be studied is the problem of fuzzy approximate fixed point. This notion
was introduced in papers [32], [33], motivated by the work of M. Berinde [11].

Let (X, N,A) be a fuzzy normed linear space and 7' : X — X. Let ¢ > 0. A point v € X is
called fuzzy approximate fixed point for T if there exists o € (0, 1) such that ||u — Tul|o< &. We will
denote by FZ(T) the set of all fuzzy approximate fixed point for 7. We will say that T" has the fuzzy
approximate fixed point property (f.a.f.p.p.) if

(V)e > 0, FZ(T) # 0.
Theorem 13. [32] Let (X, N, A) be a fuzzy normed linear space, T : X — X and o € (0,1). If
nh_)n;OHT”:z: —T"2||a=0, (V)z € X,
then T has the fuzzy approrimate fixed point property.

Another approach, with the help of the fuzzy norm would be:

Definition 14. Let ¢ € (0,1). A point u € X is called fuzzy approximate fized point for T if

N(u—Tu,t) >1—¢,(V)t > 0.

Theorem 15. Let x € X. If 1Lm N(Trz — T, t) = 1,(V)t > 0, then T has the fuzzy approzvimate
n—oo

fixed point property.

Proof.
lim N(T"z — T z,t) = 1,(V)t > 0

n—oo
(Ve € (0,1), @no € N : N(T"z — Tz, t) > 1 —¢, (V)n > ng, (V)t > 0.

We put u = T™x. Then N(u—Tu,t) >1—¢,(V)t > 0. Thus T has the fuzzy approximate fixed point
property.
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6 Applications in domain theory

Domain theory is the creation of D. Scott who introduced some computational models for computer
engineering. Domain theory play an important role in denotational semantics. Let (X, N, *) be a fuzzy
normed linear space. We will denote by BX the family of all closed formal balls. More precisely, for
z € X, a€|0,1] and t > 0 we will denote by [z, a, t] the closed ball

[z,0,t] = B(z,o,t) ={y € X : N(z—y,t)>a}.

BX will be BX :={[z,a,t] : x € X,a €[0,1],¢ > 0}.
Let [z, o, t], [y, 5,s] € BX such that 0 < § < a < 1 and t > s. We define a partial order C on BX
by:
[z, 0,t] Cly, B,8] & Nz —y,t —s) >1—a+ 4.

The pair (BX, C) will be called fuzzy domain normed spaces. In [38] the notion of convergence for
a sequence [T, an,ty] of elements of BX is introduced. The authors proved that BX is a directed
complete partially order set, briefly dcpo, namely every directed subset of BX has supremum if and
only if each sequence of BX converge to its maximal element. Finally, the authors proved Banach
fixed point theorem on BX:

Theorem 16. Let (X, N, A) be a fuzzy Banach space and T : X — X be a fuzzy contraction. Then
g: BX — BX, defined by glz,a,t] = [Tz, «, Lt], has a unique fixed point.

7 Conclusion and further works

In this paper we have presented an evolution of the concept of fuzzy normed linear space, different
approaches and generalizations. Special attention was paid to the concept of completeness. As we
have shown, in the vast majority of papers, researchers are working with a definition of completeness
inspired by Grabiec’s work in the context of fuzzy metric spaces. We argued that a much more
appropriate definition would be one that starts from the work of George and Veeramani on fuzzy
metric spaces. We have highlighted some important results in the field of fixed point theory in fuzzy
normed linear spaces, building fertile ground for study in further papers of some fixed point theorems
in fuzzy Banach spaces. Future results will have an impact on Mathematics and numerous applications
in Computer Science.

We consider that this paper can be of interest for the researchers who work in the domain of fuzzy
functional analysis, in particular in fixed point theory, but at the same time, we hope that the work
will be of interest to researchers working in fields such as:

1. integrated solutions in control theory and communications,
2. computational intelligence techniques,
3. decision support systems,

where fuzzy normed linear spaces will be applied in problems such as: fixed point theorems and
semantics of programs, in game theory, in problems of approximation, complexity of programs and
algorithms, data mining, machine learning.
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