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Abstract

This paper presents the author’s works on fuzzy sets and fuzzy systems in early 1980’s to
celebrate the 100-year birthday of Lotfi A. Zadeh. They were originally published in Chinese. The
first part of the paper is about an isomorphic theorem on fuzzy subgroups and fuzzy series of
invariant subgroups, which could be a theoretical basis when the multiple-valued computer system
will be reconsidered or redeveloped in the future. The second part of the paper describes the
convergence theorem of fuzzy integral of type II which was contributed by Wenxiu Zhang and
Ruhuai Zhao. Both fuzzy integral of type I developed by M. Sugeno and the fuzzy integral of type
IT have been playing an important role in the design of various engineering devices for last 40 years.

Keywords: fuzzy subgroup, fuzzy integral, binary numeral system, 1Q test, artificial intelli-
gence.

1 Introduction

In 1979, T was 23 years old young man majored in mathematics. One day, I read a newspaper
article about fuzzy sets written by Professor Peizhuang Wang. It is the first time I knew the concept
of fuzzy sets and my heart was shocked by its fascinating idea of extending {0, 1} to [0, 1]. Under
the personal guidance of Professor Wang, I enjoyed much of my spare time as a college sophomore
in searching interesting research topics at the “blue ocean” of fuzzy mathematics. I was very crazed
about it. To celebrate the 100-year birthday of Lotfi A. Zadeh, the founding father of fuzzy sets
and fuzzy logic, I now share these works that I contributed to the literature of fuzzy sets and fuzzy
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systems in Chinese in early 1980’s [9, 10]. The first part of the paper is about an isomorphic theorem
on fuzzy subgroups and fuzzy series of invariant subgroups, which could be a theoretical basis when
the multiple-valued computer system is revisited and will be developed in the future. The second part
of the paper describes the convergence theorem of the fuzzy integral of type II which was contributed
by Wenxiu Zhang and Ruhuai Zhao. Both fuzzy integral of type I developed by M. Sugeno and the
fuzzy integral of type II have been playing important roles in designing various engineering devices,
such as Camcorder and influencing our daily life for last 40 years.

2 Another Isomorphic Theorem on Fuzzy Subgroups And Fuzzy
Series of Invariant Subgroups

In 1965, L.A. Zadeh first proposed the concept of fuzzy sets [16], marking the birth of fuzzy
mathematics.

The fuzzy group [8] was proposed by L.A. Zadeh in 1971 and attracted the attention of math-
ematicians at home and abroad. Wu Wangming [14] and Zou Kaiqi [19] have conducted extensive
research on fuzzy groups and obtained many important conclusions. Following the homomorphism
and several isomorphism theorems of fuzzy groups established in [19], this section establishes another
isomorphism theorem and proposes the concept of fuzzy normal subgroup sequence, and discusses the
relationship between fuzzy normal subgroup sequence and fuzzy direct product group [19].

First, we give another isomorphism theorem about fuzzy subgroups.

Theorem 1. Let Xy and Xy be the subgroups of the Abel group X, X11, X929 be the normal subgroups
of X1 and Xy respectively, and Gi1,Ga2 be quasi-normal subgroup of X1 and Xo. If

X1 = {X | HGll(x) = HGll(e) = 1}
Xog = {X | MGzz(x) = MGzz(e) = 1}
then,
X171 (X171 N Xg9)is the normal subgroup of X11 (X711 N Xa)

Xo9 (Xo2 N X11) is the normal subgroup of Xag (X292 N Xy)
X11(X11NX2) /G11(G11 N Gaz) > Xao (X202 NXyp) /G2 (G2 NGr1).

s established.

Proof. From the classic group theory [15], we have,

X171 (X711 N Xg2) be the normal subgroup of X1 (X1 NXy)
X949 (X711 N Xg2) be the normal subgroup of Xg9 (X922 NXy)

From the proposition 2.4 from [19], G11 N Gag is the fuzzy quasi-subgroup of X;1 N Xy9, thereby it is
the fuzzy quasi-subgroup of X;1 N Xo.
Then,

HG11NGa2 (ny_l) = min {MGl 1 (XYX_1> » HGa o (ny_l)}
= min {IU’Gl 1 ), HGao ()}
=HGy 10G22(Y) (Vx,y € X11 N Xa9)

. G11 N Gag is the fuzzy quasi-normal subgroup of X;1 N Xa,

Similarly, we can prove that Gos N Gy is the fuzzy quasi-normal subgroup of X9o N X4,

It can be derived from Theorem 4 in [19] that G11(G11N Gag) is the fuzzy quasi-normal subgroup
of X4 1(X1 1N Xg)
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Actually,

—1 -1
luGl 1(G1 10G22)(Xy ) = ,U[Gl 1(G1 1OG22)][G1 1(G1 lmGZZ)](Xy )

= Sup min {MGll(Gl 10G22)(Z)7NG11(G11 N G22)(Z71Xy71)}
2€X11(X11NX22)

= Sup min {4G, (G 1nGa2) (2); Sup min [pG,, (), (G111 N Gaa)(u™ 'y )]}
2€X711(X11NX22) ueX11(X11NX22)
= min{:uGl 1(G1 1OG22)(X)7 Sup min[uGu(u_l)?ﬂGl 10G22(UY)]}

u=1eXq1(X11NXa2)

= min{,u(;l 1(G11NG22) (%), HG11(G11NGa2) (¥)}

. G11(G11 N Gao) is the fuzzy subgroup of Xy 1(X11 N Xa).

ThUS, :U’Gl 1(G1 1NGa 2) (ny_l) = /"LGl 1(G1 1NGa 2) (Xx_ly) = :U‘Gl 1(G1 1NGa 2) (y)
. G11(G11 N Gao) is the fuzzy normal subgroup of Xj1 (X111 N Xs).

Then, HG11(G11NG2 2)(6) = Sup min{lu’Gl 1 (Y)v H(G11NG22) (y_l)}
yeEX11(X11NX22)

Z min{NGq 1 (e)7 MG, 1NGs 2 (e)} =1
This can prove that G11(G11 N Gag) is the fuzzy quasi-normal subgroup of X; (X1 N X3).
Similarly, by changing the position of Gj1,Ga2; X711, X22, we can prove that Goo(Goa2 N Gyq) is
the fuzzy quasi-normal subgroup of Xo9(Xg29 N Xj).

Let H = {X ‘ HGq1(G1 1ﬂG22)(X) = HG11(Gy 1ﬁG22)(e) = 1}
N = {X ‘ HGa2(G22nGy 1)(X) = HG32(Ga2nGy 1)(6) = 1}

Obviously, H C X1 (X113 N X22)
Conversely, Vx € X171 (X311 N X22)

HG11(Ge 1ﬂG22)(X) = Sup min{:uGu(Y)vMCh 1ﬂG22(y_1X)}
yeX11(X11NX22)
= Sup min{/‘Gq 1 (Y)’ HG11NGa2 (Xy_l)}
yeXi1(X11NX22)

= Sup min{MGl 1 (Y)’ HG11nGa 2 (yil)}
yeXi1(X11NX22)

= HG11(Gy 1ﬁG22)(e) =1
(.- G11(G11 N Gag) is proved as the Fuzzy quasi-subgroup)

S HD X1 (X1 N Xs9)
H=X;;(X11NX22)
N =X32(X22NXj1)

From [19], we have:

X11(X11NXg) /X1 (X1 NXg2) 2Xi1(X11NX2) /Gr1 (Gr1 N Gag)
Xo2 (X22NX1) /Xo2 (Xa2NXj1) = Xoa (X22NXyp) /G22(G22NGyq)

However, in the classical group [15],

X11(X11NXg) /X171 (X11NXg2) ~Xag (Xo2NXyp) /X2 (Xa2NXy1)
S X1 (X1 N X2) /Grr (G N Gag) ~ Xoo (X22NXy) /G2 (G22NGr1)

Let’s discuss fuzzy normal subgroup sequence.
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Definition 1. If X = X, 2 X; D -+ D Xk s the normal subgroup seqence of X, and G = Go, Gy, -+, Gk
1s the fuzzy normal subgroup of X = Xg, X1, -+, Xk, then
G=Gy2G;2---2Gk (1)

is the fuzzy normal subgroup sequence of G on X, and its membership function can be defined as,

HG () = 16y (%) > 16, (%) 2 -+ 2 pigye (%)

where Xig = {e} is the identity group, Gk indicates the fuzzy identify group of Xk, K is the length of
fuzzy normal subgroup sequence.

1f,

is another fuzzy normal subgroup sequence of G on X, if for VGi[€ (1)], FHi[€ (2)], pg, (x) = pm, (x) is
established, then (2) is the subdivision of (1). Obviously, K < 1 and a fuzzy normal subgroup sequence
can be regarded as the subdivision of itself.

Definition 2. If a fuzzy normal subgroup sequence of G on X is no different from its own subdivision,
then it is the composite fuzzy subgroup sequence.

Theorem 2. If G = H A; is the direct product of fuzzy groups of X = H X1, and A;,(i=0,1,---,n)
is the fuzzy normal subgroup of X;,(1=0,1,---,n), in which Agy is the zdentzfy fuzzy group,

then, G is the normal fuzzy subgroup of X.
Here, the definition of X1 is different from Xy in Definition 1.

i
Proof. Let Gi = [] Aj(i=0,1,---,n),i<k
j=0

pa, (x) = min {pa, (x0) , pay (x1) 5, pa, (i)}
> min {pa, (X0), 1A, (x1), - pa, (xx)}
=pa,(x) (i eXi(i=0,1,..,n))
pa; (%) = pa, (x)
we have
fGo (%) 2 piay (%) 2 -+ 2 pay (x) (%)

or G=Gy2G12---2Gy

while

p; (xyx~1) = min{pa, (xoyoxg ), ta, (xayixy ), o, i, (xiyixg D)}
> min{pa, (Yo), pa, (Y1), -+, pa, (Yi)}

—ey) (v e [[X)
=0

. Gi(i=0,1,---,n) is the fuzzy normal subgroup of X; = ]_[}:0 Xi(i=0,1,---n) respectively.
According to Definition 1, equation (*) is a fuzzy normal subgroup of X. f
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3 Convergence Theorem of Fuzzy Integral of Type II

Fuzzy integral was setup by M. Sugeno in 1972 [11]. Later, a series of distribution function
convergence theorems and Fuzzy integral measure convergence theorems were established by Huang
Jin-Li and Zheng Dao-Peng in 1980 [2, 18]. In the same year, the Fuzzy integral set up by M. Sugeno
(it is called Fuzzy integral of Type I in this paper) was extended and a new Fuzzy integral (this is
named Fuzzy integral Type II in this paper) was introduced by Zhang Wen-xiu and Zhao Ru-huai [17].
Starting with Fuzzy integral of Type I, this section presents the corresponding convergence theorem
of Fuzzy integral of type II.

3.1 Preliminary

Assume all fuzzy subsets F'(X) = {A | A: X — [0, 1]} of the universe X,

Definition 3. Fuzzy Monotone K is the series of subsets on F(X),
if it satisfies:

e DeK, 1€ K;

o If{A.} C K, A, is monotonic non-decreasing, then nli_}n(r)lo A, CK
Definition 4. The set function g(-) on the fuzzy monotone K is the fuzzy measure of Type II if it
satisfies:

e g(0)=0,9(1) =1, stipulate g(a) = a ( a is small enough).

~ ~

o If A1 <Ay A1,Ar €K, then g(A;) < g(Ag)

o IfAu 1A {As, A} C K, then nli_}rrolog(Aa) = rgv(nh_{go A,) = g(A)
Definition 5. If the monotonous K on F(z) satisfies:

e BeK=pupekK (uB s the characteristic function of classical set B)

e Ace KBeK=AAupe kK

then the two-tuple (X, K) is fuzzy Measurable Space of Type II. If g(-) is the fuzzy measure of Type I1
on (X, K), then (X, K, g(+)) is fuzzy Measure Space of Type II.

Definition 6. Function h: X — [0.1] is K-Measurable function if for any a € [0 - 1] have N,(h) € K.

Definition 7. The fuzzy integral of Type II of the K-Measurable function h on the fuzzy set A € K is
defined as:

Juexeg0) = SUP Ja A g (AN, (1)
A

where N, (h) = {x | h(x) > a}, un, (h) is its characteristic function.

3.2 Convergence Theorem of Fuzzy Integral of Type I

Theorem 3. Define (X, K, g(-)) is the fuzzy Measure Space of Type II, A € K, h(x) is K-Measurable
function, and g(A) < o(o > 0):

0</h(x)og(-)<0
A
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Proof. From 7 in Section 3.1:

Jux)eg() = SUP fang (AN px, (1)

a€(0,1]
A
Aepn,(h) CA
g(ANuN,(h) <g(A)=o
va € 0.1, g(A N px, (1))
Therefore, 0 < [h(x) o g() < 0. 4
A ~

Theorem 4. (F-Integral Uniform Convergence Theorem of Type I): Define (X, K, g(-)) is the fuzzy
measure space of type I, A € K, {hy(x)} is a monotonic non-decreasing sequence of K-Measurable

function (n=0,1,2, - - - ).

If nli_>ngo hy (x) = ho(x) converges uniformly on A, then,

nli_}ngl() /ha(x) o g() = /hg(x) °g
A A

Proof. From 7:

/h = SUP { g(AﬂMNa(hn))}

a€[0.1]

(n:O,l,Z,---)
" hp(x)is monotonous non-decreasing on A, uniformly converge to hy(x)
From [17] we have: Ve > 0, it exits a positive number N, such that when n > N, Vx € A
pn, (ho) —e < pn, (hn) < e+ pn, (hn) is established.
From [18] we have:
AnNpn,(ho) —e <ANpun, (hy) <e+ AN un,(ho)
g(A Ny, (ho)) —e < g(A N AN, (hn)) < e+ (AN AN, (ho))

. SUP [a A 9(A N ki, (ho))] — e < SUP fa A g(A N fix, (ha))] < e+ SUP [a A (AN iy, (ho))]
aE[O 1] a€(0,1] a€(0,1] ~

Thatls/ho )—e< / <€—|—/h0 09()
A

o.Ve > 0,exit N=N(e),whenn > N,Vx € A

[ 1a(0096) = [ho(o()l< e

A A

Condition (*): Assume (X, K, &(+)) is the fuzzy measurable space of type II, K have complementary
elements (that is close to sethuI)traction). Ae K hy(x)(n=0,1,2,---) is K-measurable function, and
g(-) is A-addrable. (That is VA1, Ao, A; U As € K, £(A1 U As) = &(A;) V &(As) )
i By introducing the condition (*): oo i i

3 - 1. The additivity of K, that is VA, € K,n € N+, we have:

9(V Aw) = ¥ 9(Ay)

~‘n=1 n=1n~
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3:2. Vn € Nt h, — hg,hyp — h, are K-measurable functions, and |h,(x) — ho(x)| is also a K-
measurable function.
3 - 3. Definition: If Ve > 0, we have: 1Lm g ({x]|hn(x) — ho(x)||> e} A A) =0, then {hy(x)} con-
n—0oo =,
verges to hy(x) according to fuzzy measure of type L.
3+ 4. Definition: If 0 > 0, existing A, € K, A, C A, g(A,) < 0 makes lim h,(x) = ho(x) (uni-
~ - n—oo

formly converge on A — A,), then the fuzzy of {h,(x)} is nearly uniformly convergent to hy(x) on
A.

3-1 and 3 2 are proved as follows.

i>. From Definition 4:

9 (fil Aa) =g (Jim A,) =

3 -1 is proved.
n n

ii>. From [17], set hoy, = X ajup;, hkn = X bjpuc;, where a;, by € [0,1],B;, Cj € K(i,j = 1,---,n)
i=1 j=1

" hon — hin = X(a; — bj)upi N ¢j are still simple functions.
ij
nh_)ngo [hon — hikn] = ho — hy, so hy — hx is K-measurable functions. hy — hg,|hx —hg| can be
proved similarly. 3 - 2 is proved.

f

Theorem 5. Suppose that under the condition (*), the necessary and sufficient condition of {hy(x)}
to converge to hy(x) according to fuzzy measure of type II is that {hy(x)} F-nearly uniformly converges
to ho(x) on A.

Proof. For sufficiency, supposing that nh_)ngo hy (x) = ho(x), (which converges uniformly on A — A,),
that is Vo > 0, when A, € K, g(A,) < 0,A, C A exists, Ve > 0, exists N(g,0) € N7,
when n > N(e,0),Vx € A — A,, |hy(x) — ho(x)|< . We have,

g ({xl[ha(x) = ho(x)| > e} A (A~ Ag)) =0

Ve, > 0,exists N(,0) € N".n > N(¢, 0),
g({z|lha(x) —ho(x)[> e} A A)
= g({z/|ha(x) —ho(x)|> e} A Aq)
V g({zl[ha(x) —ho(x)[Z e} A (A= As)) <o VO =0
Sufficiency is proved.

For necessity, supposing {hy(x)} converges to hy(x) according to fuzzy measure of type II on A,
that is Ve = §,P € N*,Vo > 0, there exists N(p, o) € N*, such that when n > N(p, o),

g ({x|lha(x) —ho(x) [Z e} A A) < 0 3)
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A 1
Set: Anp = {x||hy — ho|> E}/\A
A2V YV Anp
p=1n=N(p,0)
Apparently, A, CA A, eK
From(3) :
Ay = 0\7 C\>/O AL <o
90 =T T gty
Then,
(o) [ee) 1
A—-A,=AAN|V vV h, —hp|< =
AN (pm{XH ol< 51
1
Ve > O,setﬁ <¢e,P eNT from (3),Yo > 0,
exists N(p,0) € NT, when n > N(P, o),
1
Vx € A— A, have: |hy(x) — ho(x)|< P <e
Necessity is proved. f

Theorem 6. (The Convergence Theorem of Fuzzy Integral of Type II according to Fuzzy Measure of
Type 1): Assuming under condition (*), {hy(x)} F-nearly uniformly converges to ho(x) on A, then:

lim [hy(x) 0 g(-) = [ho(x) o ()

n—>ooA ~ A ~
Proof. For {h,(x)} F-nearly uniformly converges to hy(x) on A, that is,
Vo > 0, exists A, € K, A, C A, g(A,) <o,

{hy(x)} uniformly converges to ho(x) on A — A,, form 4:

Hm J huGog()= ] ho(x)eg()
A—-A ~ A-Aq ~

That is, Vo > 0, exists A, € K,A, C A, g(A,) < 0, exists N(o) € NT
when n > N(o),
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Actually:

A
Lo g (AN px, (b)) =g (As N, (o)) — o
< g (AN, (hn)) =8 (As N o, (ba))
< g (AN, ()
g(AﬁMNa(h ) —g(As Npn, (hy)) + o
g (A=Ag) N, () — 0 < g (AN px, (hn))
< g ((A=A0) N g, (b)) + 0
Va € [0,1],a A g (A=Aq) N px, (b)) — o
< g (Anpn, (hn))
< g ((A=A,) N g, (b)) + 0
Thus, / hu(x) 0 £() = 7 = SUP [n A& ((A = Ag) 1 oy, ()] = 0
<A_/Aahn<x>og<>—a<as€g§)[aAg<<A Ar) N o, ()] + 0

I
—

T
>
Q

That is,

hy(x)og(-) +o

[husr0s0) -
A

Combine (4) and (6):

[pi0ms0- e

_l’_

>

>

+
— LT L

=
o

®
O
=y
|

N
T
:l>

Therefore: hm /
A
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Corollary 7. Assuming under the condition (*), {hy(x)} converges toho(x) according to fuzzy measure

of type II on A, then nli_}rgojzhn(x) o g() = IhO(X) o g()

Proof. 1t can be proved according to 5 i
From the above discussion, we can obtain:

Theorem 8. Define (X, B, P) as the probability space, h: X — [0,1] is K-measurable function,
F C K, P(+) represents fuzzy measure of type II on K, then the inequality holds:

1
<=
4

] hx) e P() ~ [h(x)dp
F F

Proof. From [17], we know:

7 h(x) 0 P() <= [h(x)P()

Then, according to [12] or [13]:

—
=
—~
NoJ)
o
=
S~—

) — Jh(x)dp
HF F

Jh(x) o P() — [h(x)dp| < §
F F

4 Conclusion

The birth of fuzzy sets and fuzzy logic can be regarded as a landmark event of mathematics and
computing technology in human history.

In 1703, Gottfried Leibniz published his paper Explication de I’Arithmétique Binaire [3], which is
translated into English as the "Explanation of the binary arithmetic". He invented 0,1-binary numeral
system and explained its connection with the ancient Chinese figures of Fu Xi. As the simplified
version of decimal numeral system, Leibniz’s binary system gradually became the basis of the current
computer design. It changed our human life dramatically for the last 300 years. The recent achievement
of Google’s AlphaGo and AlphaGo Zero have demonstrated that the binary numeral system-based
computer can easily outperform human beings by massive calculation in a short time. However, if a
computer like AlphaGo or even a super-computer plays with three persons in Chinese Mahjong, when
one human player sends an eye contact to another human player, the machine cannot figure out how
to calculate the human signal. This could partially cause by the simple binary numeral system that
has difficulty to figure out the human contact. In 2014-2017, I and my student Feng Liu with other
colleagues conducted an interesting research by using Human IQ test to measure machine. According
to our finding, the IQ test for virtual assistants shows that even the best one, such as Google, still
is not smarter than a 6-year-old human [1, 4, 5, 6, 7]. This means that there is a long way to go
for the machine’s intelligence to catch up that of our human beings. Perhaps, someday in the future
when we use fuzzy logic (multiple numeral system) to design a new computer, its computing power of
handling complex calculation can easily catch up and solve the human contact problem. By that time,
artificial intelligence will be smarter to understand human being. From my point of view, I strongly
believe that fuzzy sets and fuzzy logic invented by Lotfi A. Zadeh will deeply influence our science,
mathematics and society in the future which our generation of human beings cannot imagine today.
Happy 100-year birthday to Lotfi A. Zadeh! He is living at our mind forever!
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