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Bounded Controllers for Decentralized Formation
Control of Mobile Robots with Limited Sensing

K.D. Do

Abstract: This paper presents a constructive method to design bounded cooperative
controllers that force a group of N mobile robots with limited sensing ranges to stabi-
lize at a desired location, and guarantee no collisions between the robots. The control
development is based on new general potential functions, which attain the minimum
value when the desired formation is achieved, and are equal to infinity when a colli-
sion between any robots occurs. Smooth and p times differential jump functions are
introduced and embedded into the potential functions to deal with the robot limited
sensing ranges. Formation tracking is also considered.

Keywords: Formation control, mobile robot, local potential function, nonholonomic
mobile robot.

1 Introduction

Formation is an extremely useful tool mimicking from biological systems to man-made teams of
vehicles, mobile sensors and embedded robotic systems to perform tasks such as jointly moving in a
synchronized manner or deploying over a given region with applications to search, rescue, coverage,
surveillance, reconnaissance and cooperative transportation. Formation control can be roughly under-
stood as controlling positions of a group of the robots such that they stabilize/track desired locations
relative to reference point(s), which can be another robot(s) within the team, and can either be stationary
or moving. Three popular approaches to formation control are leader-following (e.g. [2], [3]), behavioral
(e.g. [4], [5]), and use of virtual structures (e.g. [6], [7]. Most research works investigating formation
control utilize one or more of these approaches in either a centralized or decentralized manner. Central-
ized control schemes, see e.g. [3], [11], and [10] where actual dynamics of nonholonomic robots were
considered in the formation control design, use a single controller that generates collision free trajecto-
ries in the workspace. Although these guarantee a complete solution, centralized schemes require high
computational power and are not robust due to the heavy dependence on a single controller. A nice ap-
plication of formation control based on potential field method [3] and Lyapunov’s direct method [17] to
gradient climbing is recently addressed in [18]. However, the final configuration of formation cannot be
foretold. On the other hand, decentralized schemes, see e.g. [8], [12], require less computational effort,
and are relatively more scalable to the team size. The decentralized approach usually involves a combi-
nation of robot based local potential fields (e.g. [3], [15], [16]). The main problem with the decentralized
approach, when collision avoidance is taken into account, is that it is extremely difficult to predict and
control the critical points of the controlled systems. Recently, a method based on a different navigation
function from [13] provided a centralized formation stabilization control design strategy is proposed in
[11]. This work is extended to a decentralized version in [12]. However, the potential function, which
possesses all properties of a navigation function (see [13]), is finite (but its gradient with respect to the
system states can be unbounded) when a collision occurs. This complicates analysis of collision avoid-
ance. Moreover, the formation is stabilized to any point in workspace instead of being "tied" to a fixed
coordinate frame. In [13], [11] and [12], the tuning constants, which are crucial to guarantee that the
only desired equilibrium points are asymptotic stable and that the other critical points are unstable, are
extremely difficult to obtain. This problem has been removed in [9] where new potential functions were
introduced. It is however noted that in [9] each robot requires knowledge of position of all other robots
in the group. Moreover, the control design methods (e.g. [3], [14], [15], [18]) based on the potential
functions that are equal to infinity when a collision occurs exhibit very large control efforts if the robots
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are close to each other. Hence, a bounded control is called for. In addition, switching control theory [21]
is often used to design a decentralized formation control system (e.g. [2], where a case by case basis
is proposed), especially when the vehicles have limited sensing ranges and collision avoidance between
vehicles must be considered. Clearly, it is more desirable if we are able to design a non-switching for-
mation control system that can handle the above decentralized and collision avoidance requirements.

In this paper, bounded cooperative controllers are designed for formation stabilization of a group of
mobile robots with limited sensing ranges. New general potential functions are constructed to design the
controllers that yield (almost) global asymptotic convergence of a group of mobile robots to a desired
formation, and guarantee no collisions among the robots. Smooth and p times differential jump functions
are introduced and embedded into the potential functions to deal with the robot limited sensing ranges.
Moreover, the controlled system exhibits multiple equilibria due to collision avoidance taken into ac-
count. We therefore investigate the behavior of equilibrium points by linearizing the closed loop system
around those points, and show that critical points, other than the desired point for an robot, are unstable.
The proposed formation stabilization solution is then extended to solve a formation tracking problem.

2 Problem statement
We consider a group of N mobile robots, of which each has the following dynamics

qi:ui7i:17"'7N (1)

where g; € R" and u; € D C R" are the state and control input of the robot i. We assume that » > 1 and
N > 1. Here, we treat each robot as an autonomous point.

Control objective: Assume that at the initial time 7y > 0 each robot starts at a different location, and
that each robot has a different desired location, i.e. there exist strictly positive constants € and & such
that for all (i, j) € {1,2,....N},i # j

l9i(to) —q;(t0)[| > &1, [|lgir —aqjr|l = & 2
where g;r,i=1,..,N, is the desired location of the robot i. Moreover, the robot i can only measure its own
state and can only detect the other group members if these members are in a sphere, which is centered
at the robot and has a radius of R; larger than a strictly positive constant. Design the bounded control

input u; for each robot i such that each robot asymptotically approaches its desired location while avoids
collisions with all other robots in the group, i.e. for all (i, j) € {1,2,....N},i# j,t > 1 >0

()] < 8, lim (qi(r) = gi) = 0, [|qi(r) = q;(1)]| = & &)

where 0 is a strictly positive constant and & is a positive constant.

3 Preliminaries

We present one definition and one lemma to be used in the control design and stability analysis in
the next section.
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Definition 1. A scalar function A(x,a,b) is called a p times differential jump function if it enjoys the
properties:

1) h(x,a,b) =0 if 0<x<aq,

2) h(x,a,b) =1 if x>b,

3)0 < h(x,a,b) <1 ifa<x<b, 4)
4) h(x,a,b) is p times differentiable with respect to x

where p is a positive integer, x € R, and @ and b are constants such that 0 < a < b. Moreover, if p = o
then the function h(x,a,b) is called a smooth jump function.

Lemma 1. Let the scalar function A(x,a,b) be defined as

h(x,a,b) _ f; f(T_a)f(b_ ’L')dT (5)

2 f(r—a)f(b—1)dt

with the function f(y) being defined as follows

fO)=0ify<0, f(y)=g()ify>0 (6)
where the function g(y) enjoys the following properties

a) g(t—a)g(b—71)>0 a<t<b,

b) g(y)is p times differentiable with respect to y,

ak
and lim s(y)

y—0+  dyk

=0, k=1,2,....p—1. 7)

Then the function &(x,a,b) is a p times differentiable jump function.
Proof. See Appendix A.

Remark 1. Several examples of the function g(y) are g(y) = y?, g(y) = tanh(y)”, g(y) = arctan(y”)
for any positive integer p, and g(y) = sin(y)? for any even positive integer p.

Corollary 1. If the function g(y) in (7) is taken as g(y) = exp(—%) then the function i(x,a,b) defined
in (5) is a smooth jump function.

Proof. See Appendix B.

4 Control design

To achieve the control objective, we design the control u; for the robot i based on the new potential
function ¢. This potential function must attain its unique minimum value when all robots are at their
desired positions, and must equal infinity when there is a collision between any robots. The potential
function ¢ should also be chosen such that the gradient based control u; for the robot i can handle the
limited sensing range of the robot. As such, we propose the following potential function

Y
o= o1 @®)
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where K is a positive constant, ¥ and 8 are the goal and collision avoidance functions. These functions
are specified as follows:

-The goal function is designed such that it puts penalty on stabilization errors for all robots, and is equal
to zero when the robots are at their final positions. A simple choice of this function is

1 ¥ 5
= §Z||qi—61if|| : ©
i=1

-The collision function f is chosen such that it equals zero when there is a collision between any robots,
and equals 1 when the robots are at their desired positions. We choose this function as follows:

B=[]Bii=1.N-1,j=i+1,.,N. (10)
L]

The function f3;; = B;; is designed as
Bij = h(0,633/2, 14351 /2) (1)

where h(0, blzj /2, |qi;11>/2) is a smooth or p > 2 times differentiable jump function presented in the pre-
vious section, g;; = q; — g, b;j is a strictly positive constant such that b;; < min (Ri,R s &) with & given

in (2).

Remark 2. Thanks to properties of the smooth or p > 2 differentiable jump function (see Definition
1), the collision function 3 equals zero when a collision between any robots occurs, i.e. ||g;;|| = 0 for any
i # j. The function f3 equals 1 when all robots are at their desired locations, i.e. g; = g;r fori=1,...,N.
The function f is at least twice differentiable with respect to g;;. Hence, the choice of the goal function
Y in (9) and the collision function f in (10) with its components given in (11) ensures that the potential
function @ in (8) attains the (unique) minimum value of zero when all the robots are at their desired
positions, and equals infinity whenever a collision between any robots occurs. Moreover, the potential
function @ is at least twice differentiable.

The derivative of ¢ along the solutions of (1) satisfies

T

ﬁZK i=1 j=i+1 BU
e’ ¥
i=1
where we have used § = BYN ! JJV it %j/ and
Qi=qi—aqir—x Y, Blaij (13)
JEN;
with Bl’J = ﬁ—j]’, i’j = %, and N; the set of all robots, denoted by N, in the group except for the

robot i. From (12), a bounded control u; for the robot i is simply designed as follows:
u; = —c¥(Q;) (14)

where ¢ is a positive constant, and ¥(Q;) denotes a vector of bounded functions of elements of ;
in the sense that W(Q) = [w(Q)) w(Q2), .., y(Q), ..., w(Q)]" with Q! the I’ element of Q;, i.e.
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Q;=[Q} Q2..0L..QMNT. The function y(x) is a scalar, differentiable and bounded function, and satisfies

1) |y(x)| <M,

2) yx)=0 ifx=0, xy(x)>0ifx#0, (15)
3) y(—x)=-y(x),(x—y)[yx) —-y®)] >0,

4) |@‘§M27’%|SML%’)¢:O:1

for all x € R,y € R, where M|,M;, M3 are strictly positive constants. Some functions that satisfy the
above properties are arctan(x) and tanh(x). Indeed, the control u; is bounded, i.e. ||u;(¢)|| < ¢y/nM :=
o,Vt >19>0.

Remark 3. When Q; defined in (13) is substituted into (14), the [’ element of the control u; can be
written as u} = cy/(— (¢} — qff) —Yjen Bi’jqﬁj) with ¢, qff and qu being the " elements of g;,g;f, and
gi;- The argument of Y consists of two parts: —(g! — ¢! f) and — Y e, Bl’]qf ;- The first part, —(¢t—¢! f),
referred to as the attractive force plays the role of forcing the robot to its desired location. The second
part, — 3 jcn, Bl’]qf ;» referred to as the repulsive force, takes care of collision avoidance for the robot i
with the other robots. Moreover, the control u; of the robot i given in (14) depends on only its own state,
and the states of other neighbor robots j if these robots are in a sphere, which is centered at the robot and
has a radius no greater than R; because outside this sphere Bl’j =0.

Now substituting (14) into (12) results in
. e’ N T
¢ = ~Cpx Y ofw(Q). (16)
i=1

Substituting (14) into (1) results in the closed loop system
gi=—c¥(Q;),i=1,...,N. a7)

Theorem 1. Assume that at the initial time 7y > 0 each robot starts at a different location, and that
each robot has a different desired location, i.e. the conditions given in (2) hold, the bounded controls
given in (14) guarantee that no collisions between any robots can occur, the solutions of the closed loop
system (17) exist and the robots asymptotically approach their desired positions (a set of equilibria) de-
fined by qgif, = 1, ...,N.

Proof. See Appendix C.

5 Simulations

We carry out a simulation with n =2, N = 10. The robots are initialized randomly in a circle, which
is centered at the origin and has a radius of 1. The desired formation is specified in shape, location and
orientation as g;r = Ry[sin((i — 1)2w/N);cos((i — 1)2n/N)], i = 1,...,N with Ry = 8, i.e. the desired
formation is a polygon whose vertices are uniformly distributed on a circle, which is centered at the
origin and has a radius of Ry. All robots have the same sensing range: R; = 2. The parameters of the p
times differential jump functions are p = 2,b;; = 1,g(y) = y”. The function v is taken as arctan. The
control gains are chosen as Kk = 1,c = 2. Simulation results are plotted in Fig. 1. It is seen that all
robots nicely approach their desired locations. Since the robots initialize pretty close to each other, they
quickly move away from each other then approach their desired locations, see Sub-figure A) of Fig. 1,
where the trajectory of the robot 1 is plotted in the thick line, and robots 1 and 2 are indicated by 1 and
2. For clarity, only the control input u; = [u), uly]T is plotted in Sub-figure B) of Fig. 1. Noticing that
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the values of the continuous controls u, and uj, are in the range =x. Sub-figure C) of Fig.1 plot the
functions B;;,j = 2,...,N. It is seen that these functions are always greater than zero and approach 1.
Sub-figure D) of Fig. 1 plots a “mean-product’ distance, distai = (T1(; jjen |4 jH)N(Nfl) /2, see the thick
line, and the distances between the robot 1 and other robots in the group. Clearly, no collisions between
any robots occurred since disty) is larger than zero for all simulation time. The bottom figure in Fig. 1
plots the functions B;;, j =2,...,N. It is noted that all 3;; equal 1 when ||¢; ;|| are larger or equal to 1.
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Figure 1: Simulation results.

6 Extension to formation tracking

This section extends the results developed in the previous sections to solve the problem of designing
a control input u; for each robot i that forces the group of N mobile robots whose dynamics are given in
(1) to track a moving Desired Formation Graph (DFG), in the sense that the DFG is allowed to move on a
common desired trajectory ¢,q(s) with s being the common reference trajectory parameter defined in the
fixed coordinate system Ilr, see Fig. 2 and Fig. 3. We consider the DFG whose center moves along the
common reference trajectory g,4(s). We assume that g,,(s) is regular in the sense that it is single valued
and its first derivative exists and is bounded. Since the DFG under consideration is only representative,
the center does not have to be the "true" center of the DFG but can be any convenient point. When the
DFG moves along the trajectory ¢,q(s), the vertex i of DFG generates the reference trajectory g;4(s) for
the robot i to track. We limit our consideration to two- and three-dimensional (2D and 3D) spaces, which
are most common in practice. The control objective is now stated as follows.
Control objective. Assume that at the initial time 7y > 0, for all (i, j) € {1,2,..N},i # j, s € R there
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exist strictly positive constants €;, & and &3 such that

lgi(to) — q;(t0)ll = &1, |lgia(s) —qja(s)|| = &,
HaQid(s)
ds

| <& (18)

Moreover, the robot i can only measure its own state and can only detect the other group members if
these members are in a sphere with a radius of R; larger than a strictly positive constant, and centered at
the robot i. Design the control input «; for each robot i such that

lim (gi(t) = qia(s)) = 0, [lqi(t) = q;(1)|| = & (19)

forall (i,j) € {1,2,..N},i # j,s € R, where & is a positive constant.
Control design. Let us construct g;4(s). Let the moving coordinate system Iy, of which the origin O

coincides with the center of the desired formation graph, move along g,,(s). Let 4,4 be the coordinate
vector of the vertex i of the DFG in the moving coordinate system. We then have

—~

qia=J(®)(qia(s) — qoa(s)) (20)

where J(e) whose elements depend on dg,,(s)/ds and is the rotational (invertible) matrix, which de-
scribes the rotation of ITj; with respect to I1r, and is such that &; < ||J(e)|| < &, 8 < ||[J(e)7!|| < &

—~

with &;,i = 1,..,4 strictly positive constants. Therefore, by specifying ¢4 in Iy, gi4(s) in I1p for the
robot i can be calculated from (20). Similarly, in Iy, the coordinate vector of each robot i satisfies

—~

9i=J(®)(gi — oa(s))- 2D

From (20) and (21), we can see that the first two conditions in (18) imply the following condition
14 (t0)— 4 (00)| > €1, || Gia ()= qja (5)]| =2 (22)

where 2:\1 and 22 are some strictly positive constants. Moreover, the tracking control goal specified in
(19) is achieved by designing the control ; for each robot i such that

—~ —~

lim(4; (1)~ dia (5)) =0, | 4; (1)~ q; (1)] ¢4 (23)

[—o0

where 24 is a positive constant, and by letting the DFG move along the common reference trajectory via
giving s some desired value.
Now differentiating both sides of (21) gives

—~

qi Z/M; (24)
where 1?, is the new control, and we have chosen the control u; as
Ui :q.()d(s)+J(.)_l(;t; _j(.)(qi_%)d(s)))‘ (25)

The problem of designing u; for (24) to achieve (23) under (22) is exactly the same as the control objective
in Section 2. Therefore, the control design in Section 4 can be used directly to design a bounded control
L?l- to achieve the goal (23). After uA, is designed, the actual tracking control u; is calculated from (25). Let
us give the expression of the rotational matrix J(e) in 2D and 3D spaces.
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A Moving coordinate system: IT
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Figure 2: Formation coordinates in 2D.

oving frame coordinate system T,/

Z(=k)Y]
z,
(=0
Z, y
———————— >

Figure 3: Formation coordinates in 3D.
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NS

Two-dimensional space. Consider the moving coordinate frame, OXY attached to the DFG, as shown
in Fig. 2. The origin O coincides with the center of the graph, and is on the common reference trajec-
tory goa(s) = [%0a(s) Yoa(s)]T. The OX and QY axes are tangential and perpendicular to the reference

trajectory ¢,q(s). Therefore the angle 6 between OX and OX is calculated as 6 = arctan(y;i /x/d), where
cos(0) sin(0)

—sin(8) cos(6) |’ which is indeed

20 /ds. Hence the rotational matrix J(e) is given by J(e) =

invertible for all 6 € R, and ||J(e)|| = 1.

Three-dimensional space. Consider the moving coordinate frame, OXY Z , attached to the DFG as

e T VTN

shown in Fig. 3. The coordinate frame 5 X1Y1Z, is parallel to OXYZ . The origin 5 coincides with
the center of the graph, and is on the reference trajectory gou(s) = [Xoa(s) Yo (s) zoa(s)]”. The 0x , oy
and 62 axes coincide with the unit tangent vector 7 , the unit principal vector 7 , and the unit binormal
vector b of the trajectory g, (s) at the point 8 These unit vectors form a positively oriented triple of

vectors called the moving triad, and are given by 7= ¢,/ |1¢ o4ll, 7 =1 /|| ||, b = x 7, where x stands
for the vector cross product operation, (i, j, k) are the unit vectors of the OXYZ coordinate frame. Let

A~ S

(&, En,E3),i = 1,2,3 be the directional cosines of 0X, OY and 0Z with respect to the fixed axes
OX, OY and OZ, respectively. This notation means that if we denote (6;1, 6;2,0:3),i = 1,2,3 as the

NS

angles between the axes OX, OY and 52 , and the axes OX, OY and OZ (see Fig. 3 for representation
of 611, 612 and 6;3), we have &;; = cos(6;;), Vi,j € {1,2,3}. The rotational matrix J(e) is given by
& &

J(e) = | &1 &n &s |. Itis shown in [20] that the determinant of J(e) is equal to 1, i.e. J(e) is

&1 G &
globally invertible, and ||J/(e)| = 1.

7 Summary and Conclusions

This paper has presented a method to design bounded and continuous (even smooth) controllers to
force a group of mobile robots with limited sensing ranges to achieve a desired formation while avoiding
collisions among themselves. The control development was based on construction of new potential
functions, and guaranteed that all critical points, except for the desired points in formation, are unstable
points. These potential functions with embedded smooth or p times differential jump functions are
attractive parts of the paper since they do not require the use of switching control theory despite the robot
limited sensing ranges. These functions can certainly be modified to solve other cooperative control
problems such as flocking and consensus of mobile robots. The problem of formation tracking was also
addressed. Future work is to extend the proposed techniques in this paper and those for centralized
formation control of nonholonomic mobile robots in [10] to design a decentralized formation control
system for a group of nonholonomic mobile robots.

8 Appendix A: Proof of Lemma 1

We need to verify that the function & (x, a,b) given in (5) satisfy all properties defined in (4). Property
1) holds because by (6) for all 0 <x < a, we have [ f(t—a)f(b— 7)dt = 0. Property 2) holds since by
(6) we have [ f(t—a)f(b—1)dt = [” f(T—a)f(b—T)d forall x > b. To prove Property 3), we first
note from Property a) of the function g(y) given in (7) that [ f(t—a)f(b—1)dt > 0foralla < x < b.

Jo f(r—a)f(b—T)dT
Therefore, 0 < =TT
prove Property 4), we just need to show that f(y) is p — 1 times differentiable. We first note that f(y) is

< 1, which means that Property 3) of the function A(x,a,b) holds. To
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p times differentiable except at y = 0. Hence, we only need to verify that f (k) (0) = a%(ky) 0= 0 for
y:

any positive integer k < p. Clearly, lim,_o- f *)(y) = 0 since f(y) =0, ¥y < 0. On the other hand, since

f(y) =g(y),y > 0, from Property b) of the function g(y) we have lim, ¢+ f ) (y) = limwa ¢¥(y) =0,

where g = il g( ).
ay*
Property 4) holds. O

Since both left- and right-hand limits are equal to 0, we have £*)(0) = 0. Hence

9 Appendix B: Proof of Corollary 1

We first note that Property a) of the function g(y) in (7) can be proven without a difficulty. We focus
9*s(y)
ayk

on proof of Property b). We note that g (y) = = Qk(%)e_.% where Qk(é) is a polynomial function

of %, and k is any positive integer. We will prove Property b) of the function g(y) in (7) by induction.

]
It is clear that lim,_,+ gVy) = limy,_,o+ w limy_o+ 5= = hmgﬂw - =0 where § = ; and we

have used 1’Hopital’s rule. This means that Property b) of the function g(y) holds for k = 1. Assuming
that lim,,_,o+ g% (y) =0, we now compute lim,_,o+ g% (y) as follows:

(k+1) g0y —g®(0)
Jim g0 = ;:%a .
1 L Ok()
}lgg)ng(y) = 51 £ =0 (26)

where I’Hopital’s rule has been used, § = 5»and 0k (&) = EQy(&) is another polynomial of &. Therefore

we have proved that lim,_,+ g®(y)=0 for any k, which means Property b) of the function g(y) holds
for any positive integer p, i.e. p can be equal to infinity. By Definition 1, the function A(x,a,b) is a
smooth jump function.O

10 Appendix C: Proof of Theorem 1

We prove Theorem 1 in two steps. In the first step, we prove that no collisions between the robots
can occur and that the robots asymptotically approach their target points or some critical points. In the
second step, we investigate stability of the closed loop system (17) at these points, we linearize the closed
loop system at these points. We then prove that only desired target points are unique asymptotic stable
and that other critical points are unstable.

Step 1. Proof of no collision and existence of solutions. From (16) and properties of the function y
, see (15), we have ¢ < 0, which implies that ¢(¢) < ¢(ty),Vt > ty. With definition of the function @ in
(8) and its components in (9) and (10), we have

e0-SEY llgi(t)—gir|? 05T lli(to) —gir|I*

[14(0,5%;/2,1lqi;(0)|7/2) ~ = 100, b3;/2, llgij(t0)[17/2)

forallt >t >0,i=1,...N—1,j=1i+1,...N. From the first condition in (2) and properties of the
jump function h(O,b,zJ/Z, 1gijl1?/2), we have Hh(O,blZJ/2, llgij(t0)||?/2) is larger than a strictly positive
constant. Therefore the right hand side of (27) is bounded by a positive constant depending on the initial
conditions. Boundedness of the right hand side of (27) implies that the left hand side of (27) must be also

bounded. As a result, Hh(O,blZ, /2,11¢:j(t)||*/2) must be larger than some positive constant depending

27
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on the initial conditions for all # > 7y > 0. From properties of h(O,bl-zj /2,11gi11*/2). llqij(t)| must be
larger than some positive constant depending on the initial conditions denoted by &3, i.e. there are no
collisions for all t > 19 > 0,i=1,....,N—1,j=i+1,...N. Boundedness of the left hand side of (27) also

implies that of ||g;;(¢)|| and ||g;(¢)|| for allt >ty > 0, i.e. the solutions of the closed loop system (17) exist.
Y qij q p Sy

+Equilibrium points. Since we have already proved that there are no collisions between any robots
and that the solutions of the closed loop system (17) exist, an application of Theorem 8.4 in [19] to (16)
yields

lim Ql (W (Qi(r)) =0,Vi=1,2,...,N. (28)
Thanks to Property 2) of the function y, see (15), the limit equation (28) implies that
lim Q;(r) = lim | g;(t) — qir — K ) Bi/j(t)qij(t)} =0 (29)
JEN;

for all i = 1,2,...,N. The limit equation (29) implies that the state ¢(t) = [g! (¢) g4 (¢),...,q4(t)]"
converges to the manifold M of (17) contained in E = {g € R"¥|q_o} with Q = [QT QT ... . Ql]T,
ie. on the surface where ¢ = 0. This surface is continuous because we have already proved that
lgijll > 0,¥(, j) € {1,2,....,N},i # j,i.e. B} is continuous. As the time 7 goes to infinity, it can be veri-
T ! _ /

] i1 =lais) = O = Bijllas =Ny
have chosen b;; < min (R;,R;, &), see (11)), and other solutions are denoted by g. = [¢]. ¢, ....,q%.]"-
It is noted that some elements of g. can be equal to that of g. However, for simplicity we abuse the
notation, i.e. we still denote that vector as g.. Indeed, the vector g, is such that

fied that one solution of (29) is g = [qle g # ...,q}\}f since 8 =0 (we

Qilg=g. = [ai—qir — ¥ Z Bi/jqij] =0 (30)
jeN; 9=

forall i =1,...,N. Next, we will show that g is stable and g, is unstable, by linearizing (17) at these
points.

+Properties of equilibrium points. The closed loop system (17) can be written in a vector form as
Gg=—c¥,(q,q97), and ¥, (q,q7) = ¥T(Q1), ..., ¥T(Q),...,¥T(Qn)]". Therefore, near an equilibrium
point g,, which can be either g or g., we have

g=—c¥(q,495)/94|,_, (a—40) GD
where
A11 AIZ AlN
M(@9r) | A A o A (32)
dq , . )
ANt o e o AwN

with A;; = atggl?,-) %2[" ,(i, ) € N, where N denotes the set of all robots in the group. A simple calculation

shows that foralli=1,....N,j € N;, j#i

BQ,- n R
aq = <1 —K Z ﬁ,&)ln —K Z Bl/]/ql]qz;’

iEN,’ jENi

Qi
dq;

KB iLuxn + KBliaial; (33)
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where ﬁ % Let N* be the set of the robots such that if the robots i and j belong to the set N*

then ||¢;;|| < b;;. Next we will show that ¢ is asymptotically stable and that ¢, is unstable.

Step 2. Behavior of equilibrium points. Evaluating (33) at ¢ = g gives

IY(Q; 2Q; 2Q;
S n | R o (34)
b lg=qy 9i lg=qs 9j lg=qy
R/ _ ; / _
where we have used f3/; ‘qiijl =0and B/ ‘q = = 0 since f3/ f}qi_;’:% ’ = 0and 3 ’%/ a =0 (we have

chosen b;; < min (R;,R;, &), see (11)). We consider the Lyapunov function candidate V; = 0.5||qg — qr||?
whose derivative along the solutions of the linearized closed loop system (31) with g, replaced by g,
and using (34) satisfies V; = —c ¥ llgi— qir||* = —2cVy, which implies that g7 is asymptotically stable.

- Proof of q. being unstable. Now evaluating (33) at g = g, give that forall i=1,...,N,i # j :

alP(Q,) aQi R/
- S AT
9Q; q=qc 94i q=qc JEN; v
0Q;
K Z Bljcql/CQI]C’ Da. = Kﬁz]c+ KBljcql/Cch (35
JeN; 49 lq=q.
where gijc = gic — gjc, _,/jc = Bl’]‘q i and f3 ; jc = Bl’j’ d—din” Since the related collision avoidance

functions f;;, (hence B and B ), are spemﬁed in terms of relatlve distances between robots and it is
extremely difficult to obtaln qc exphc1tly by solving (30), it is very difficult to use the Lyapunov function
candidate V, = 0.5||qg — g.|| to investigate stability of (31) at g.. Therefore, we consider the following
Lyapunov function candidate

Ve=0.5]g—qc| (36)
where §=[q{5,q{3, >33+ Donr -+ It §]" A0 Ge = [Ghe Tizer -+ ine: Tazer -+ Daner - D1 ve)
Differentiating both sides of (36) along the solution of (31) with g, replaced by ¢, gives

V.=—c Z i —qz'jc||2 —c Z (1- KNBi/jc) X
(i,j)EN\N* (i.j)EN

2
lgij — ‘IlJcH + KcN Z Bz/c quc(qU ql’jc')) (37)
(i,j)eN*

where i # j and (35) has been used. To investigate stability properties of ¢, based on (37), we will use
(30). Define Q;jc = Qjc —Qj¢, V(i,j) € {1,...,N}, i # j where Q;c = Q;|4—q. = 0, see (30). Therefore
Q;jc = 0. Hence } ; j)en- CI,-TjCQijc =0,i # j, which by using (30) is expanded to

Y, (4ljc(gije — qijr) — ¥NBialicije) =0

(i,j)eN*
= ) (I—KNBi'jc)qichqch ) qichql'ff (38)
(i.J)EN" (/) eN"

where i # j. The sum }(; j)en- qiTqu,-jf is strictly negative since at the point where ¢;; = g;jr, V(i, j) €
N* i # j (the point F in Fig. 4) all attractive and repulsive forces are equal to zero while at the point
where g;; = qijc V(i,j) € N*,i # j (the point C in Fig. 4) the sum of attractive and repulsive forces are
equal to zero (but attractive and repulsive forces are nonzero). Therefore the point where g;; =0, V(i, j) €
N*)i = j (the point O in Fig. 4) must locate between the points F and C for all (i, j) € N*,i # j. That is
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Figure 4: Illustration of equilibrium points.

there exists a strictly positive constant b such that } ; j)en- qichqi if < —b, which is substituted into (38)
to yield
Y. (L= KkNBj)dijedije < —b,i# J. (39)
(i,j)eN*
Since qichqijc > 0,V(i,j) € N*,i # j, there exists a nonempty set N** C N* such that for all (i, j) €
“i#j, (1—xN Bi’jc) is strictly negative, i.e. there exists a strictly positive constant b** such that

(1 - KN[SUC) < —b**,V(i,j) € N*i#£ j. We now write (37) as

Ve=—c| Y laj—aiel’+ Y, (1—xNB)x

(i,j)EN\N* (i) ENF\N**
2
||ql/ - ql/L” — kN Z ﬁl](, ql}c qu qut)) -
(i,j)eN*
¢ Y (1=xNBj)lgij — aijel? (40)
(i,j)eN**

where i # j. We now define a subspace such that g;; — gijc =0, ¥ (i, j) € N\ N** and q,-ch(qij —qijc) =
0, V(i,j) € N*|i # j. In this subspace, we have

V=05 Y llay—aill? @b
(i,j)eN=

Ve=—c ), (1= kNB)laij —gijell* = 2cb™ V.
(i,j)eN**

where we have used (1 — KNB”C) —b**, (i, j) € N** i # j. Clearly (41) implies that

Y g —aiell = Y llaii(to) — gijelle”” ) (42)
(i) (ij)ehv

forall i # j, t > tp > 0. Now assume that g, is a stable equilibrium point of the closed loop system
(17), i.e. limy_w ||gi(t) — gic|| = d;,¥i € N with d; a nonnegative constant. Note that N** C N, we have
lim; o [|gi(t) — qic|l = di,Vi € N**, which implies that lim; e }; jyene [19i(¢) — gijell = d**,V(i, j) €
N**,i # j with d** a nonnegative constant, since g;; = ¢; — ¢ and g;jc = gic — qjc. This contradicts (42)
for the case Y.; jjen=+ [|¢ij(t0) — qije|| # O, since the right hand side of (42) is divergent (so does the left
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hand side). For the case Y.(; jen+ [|¢ij(f0) — gije|| = O, there would be no contradiction. However this
case is never observed in practice since the ever-present physical noise would cause ||g;;(t*) — gijc|| for
some (i, j) € N**i # j to be different from 0 at the time * > fy. We now write (42) as

Yollg@) =gl > Y lai) = qijelle” ) (43)
(i,j)EN** (i,j)eN**

foralli# j, t >1* > 19 > 0. Since }; jjen= [|ij(t") — gije|| # O, the right hand side of (43) is divergent
(so does the left hand side). This contradicts lim; e Y.(; jyene [19ij () — qijell = d*,V(i, j) € N*,i # j.
Therefore g. must be an unstable equilibrium point of the closed loop system (17). Proof of Theorem 1
is completed.

Bibliography

[1] P. K. C. Wang, Navigation Strategies for Multiple Autonomous Mobile Robots Moving in Formation,
J. Robot. Syst., Vol. 8, No. 2, pp. 177-195, 1991.

[2] A. K. Das, R. Fierro, V. Kumar, J. P. Ostrowski J. Spletzer, and C. J. Taylor, A Vision Based For-
mation Control Framework, IEEE Transactions on Robotics and Automation, vol. 18, pp. 813-825,
2002.

[3] N. E. Leonard and E. Fiorelli, Virtual Leaders, Artificial Potentials and Coordinated Control of
Groups, Proceedings of IEEE Conference on Decision and Control, Orlando, FL, pp. 2968-2973,
2001.

[4] R.T. Jonathan, R.W. Beard and B.J. Young, A Decentralized Approach to Formation Maneuvers,
IEEE Transactions on Robotics and Automation, vol. 19, pp. 933-941, 2003.

[5] T. Balch and R. C. Arkin, Behavior-Based Formation Control for Multirobot Teams, IEEE Transac-
tions on Robotics and Automation, vol. 14, pp. 926-939, 1998.

[6] M. A. Lewis and K.-H. Tan, High Precision Formation Control of Mobile Robots Using Virtual
Structures, Autonomous Robots, vol. 4, pp. 387-403, 1997.

[7] R. Skjetne, Moi, S., and T. I. Fossen, Nonlinear Formation Control of Marine Craft, Proceedings of
IEEE Conference on Decision and Control, Las Vegas, NV, pp. 1699-1704, 2002.

[8] D. M. Stipanovica, G. Inalhana, R. Teo and C. J. Tomlina, Decentralized Overlapping Control of a
Formation of Unmanned Aerial Vehicles, Automatica, vol. 40, pp. 1285 -1296, 2004.

[9] D.B. Nguyen and K.D. Do, Formation control of mobile robots, International Journal of Computers,
Communications and Control, Vol. 1, No. 3, pp. 41-59, 2006.

[10] K.D. Do and J. Pan, Nonlinear formation control of unicycle-type mobile robots, Robotics and
Autonomous Systems, In Press, Available online 1 November 2006.

[11] H. G. Tanner and A. Kumar, Towards Decentralization of Multi-Robot Navigation Functions, Pro-
ceedings of IEEE International Conference on Robotics and Automation, Barcelona, pp. 4143-4148,
2005.

[12] H. G. Tanner and A. Kumar, Formation Stabilization of Multiple Agents Using Decentralized Nav-
igation Functions, Robotics: Science and Systems 1, S. Thrun, G. Sukhatme, S. Schaal and O. Brock
(eds), MIT Press, pp. 49056, 2005.



354 K.D. Do

[13] E. Rimon and D. E. Koditschek, Robot Navigation Functions on Manifolds with Boundary, Ad-
vances in Applied Mathematics, vol. 11, pp. 412-442, 1990.

[14] V. Gazi and K. M. Passino, A Class of Attraction/Repulsion Functions for Stable Swarm Aggrega-
tions, International Journal of Control, vol. 77, pp. 1567-1579, 2004.

[15] H. G. Tanner, A. Jadbabaie and G. J. Pappas, Stable Flocking of Mobile Agents, Part II: Dynamics
Topology, Proceedings of IEEE Conference on Decision and Control, Hawaii, pp. 2016-2021, 2003.

[16] S.S. Ge and Y. J. Cui, New Potential Functions For Mobile Robot Path Planning, /IEEE Transac-
tions on Robotics and Automation, vol. 16, pp. 615-620, 2000.

[17] P. Ogren, M. Egerstedt, and X. Hu, A Control Lyapunov Function Approach to Multi-agent Coor-
dination, IEEE Transactions on Robotics and Automatation, vol. 18, pp. 847-851, 2002.

[18] P. Ogren, E. Fiorelli and N. E. Leonard, Cooperative Control of Mobile Sensor Networks: Adaptive
Gradient Climbing in a Distributed Environment, IEEE Transactions on Automatic Control, vol. 49,
No. &, pp. 1292-1302.

[19] H. Khalil, Nonlinear systems, Prentice Hall, 2002.
[20] A. Wells, Theory and Problems of Lagrangian Dynamics, New York, 1967.

[21] D. Liberzon, Switching in Systems and Control, Birkauser, 2003.

K.D. Do

School of Mechanical Engineering

The University of Western Australia

35 Stirling Highway, Crawley, WA 6009, Australia
E-mail: duc@mech.uwa.edu.au

Received: December 26, 2006



