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Grigore C. Moisil (1906 - 1973) and his School in Algebraic Logic
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Abstract: We present in the paper a very concise but updated survey emphasizing the re-
search done by Gr. C. Moisil and his school in algebraic logic.
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The mathematical logic is one of the domain in which the creative spirit of Gr.C. Moisil manifested plenary.
His work in logic stands out by the the novelty, the variety and the depth of treated subjects. His first works are
connected to the top results of the time and wear an algebraic seal. The young professor from Jassy came after
a rich experience in mechanics and differential equations. Van der Waerden treatise of algebra has decisively
influenced his entry in logic by the algebraic gate. In the same time, these works have a powerful philosophical
imprint.

From this vast creation, the contributions in multiple-valued logics represent the part with the most intense
impact on today researches.

The first system of multiple-valued logic was introduced by J. tukasiewicz in 1920. Independently, E. Post
introduced in 1921 a different multiple-valued logic. For Lukasiewicz, the motivation was of philosophical nature
- he was looking for an interpretation of the concepts of possibility and necessity - while for Post, the research was
intended as a natural mathematical generalization of bivalent logic.

In 1930, Lukasiewicz and Tarski studied a logic whose truth values are the real numbers from the[BytBrval

1 tukasiewicz-Moisil algebras

In 1940, Gr. C. Moisil has defined ttgvalued and thed-valued tukasiewicz algebrasand in 1942, the-
valued tukasiewicz algebras(n > 2). His goal was to algebrize tukasiewicz’s logic. Boolean algebras, algebraic
models of classical logic, are particular cases of that new structures.

In the description of a logical system, the implication was traditionally the principal connecton-Tdent
system of Lukasiewicz had as truth values the elements of the set

1 2 n—2
Ln:{o’n—l’n—l""’n—l’l}

and was built around a new concept of implication, on which are based the definitions of the other connectors.

For Moisil, the basic structure is that of lattice, to which he adds a negation (getting the so called "De Morgan
algebra") and also some unary operations (called by Moisil "chryssipian endomorphisms"), representing the "nu-
ancing". The tukasiewicz implication was let on a secondary plane and, in the case of an arbitrary valence, was
completely lost.

Further axiomatizations were suggested by A. Monteiro, R. Cignoli, C. Sicoe, S. Rudeanu and others.

An example of A. Rose from 1956 established thatror 5 the tukasiewicz implication can no more be
defined on a tukasiewicz algebra. Consequently, onlynfer3 andn = 4 the structures introduced by Moisil
are models for Lukasiewicz logic. The lost of implication has lead to another type of logic, called today "Moisil
logic", distinct from Lukasiewicz system; the logic corresponding-talued tukasiewicz-Moisil algebras was
created by Moisil in 1964. The fundamental concept of Moisil logic isrthancing.

Nowadays we feel it appropiate to call these algehrtdssiewicz-Moisil algebras or LM algebras for short.

For complete information and references on tukasiewicz-Moisil algebras see [25]

The work of Moisil on LM algebras covers two periods of time: a first period, during 1940-1942, when he intro-
duces the n-valued LM algebras with negation and studies special classes of these structenésretandaxed
LM algebras and a second one, during 1954-1973, when he introduc@w#teed LM algebras without negation,
applies multiple-valued logics to swiching theory and study algebraic properties of LM algebras (representation,
ideals, reziduation).
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Moisil’s works traced research directions for many Romanian and foreign mathematicians. In Argentina, at
Bahia Blanca, Antonio Monteiro and his school (Roberto Cignoli, Luiz Monteiro, Luiza lturrioz, Maurice Abad
etc.) have contributed decisively to consolidate LM agebras as a domain of algebra of logic and to disseminate
them in the mathematical world.

In his PhD thesis from 1969 [29], R. Cignoli makes a very deep studwywaflued Moisil algebras (the name
he first gives to tha-valued Lukasiewicz algebras introduced by Moisil).

1.1 n-valued Lukasiewicz-Moisil algebras

The structure called "De Morgan algebra" was first studied by Moisil; the name was given by Antonio Monteiro
[142]; a duplicate name is "quasi-Boolean algebra" given by A. Bialynicki-Birula and H. Rasiowa.

Definition 1.1. A De Morgan algebrais a structure
(A? \/? /\7 7707 1)

such that(A, v, A, 0,1) is a distributive lattice with 0 and 1 and the unary operationcalled negation, verifies:
(DMO) 1=0-,
(DM1)  (x7)~ =X,
(DM2) (XAYy)" =X Vy .

Remark 1.2. In a De Morgan algebra we also have:
(DM3) (xVy)" =x" AYy".
Definition 1.3. LetJ={1,2,...,n—1}.
Ann-valued tukasiewicz-Moisil algebra(n > 2) or an LMy, bf algebra for short is an algebra
‘A = (A>\/7/\77u (rj)jEJ7O7 1)
of type(2,2,1,(1)je3,0,0) such that:
@) (A)V,A,7,0,1) is a De Morgan algebra.
(i) the unary operations, ro, ..., rh_1 fulfil the following axioms: for every,y € Aand eveny, j € J,
(LY rj(xVvy) =rjxVrjy,
(L2) rjxv (I’jX)_ =1,
(L3)rjori=rj,
(LAY rj(x7) = (r-jx) ",
(LB) rix <rpx < --- <rp_1X,
(L6) if rjx =rjy for everyj € J, thenx =y, this isthe determination principle.

If A fulfils (i) and only (L1)—(L5) we shall say that is anLM, pre-algebra

Proposition 1.4. In everyLM, algebraA, the following properties are verified: for evexryy € Aand everyj € J,
(L7) rj(xAy) =rjxATjY;
(L8) rixA(rix)~ =0;
(L9) x <yifand only if {jx <rjy, for everyj € J);
(L10) rix <x <rp_1X
(L11)ri0=0,rj1=1;
(L12) LetC(A) be the set o€omplemented elemert$A, i.e.

C(A) ={xeA|IX e A xvX =1, xAX =0}.
Let K be the set of all elements éfleft invariant byrj, j € J, i.e.

Kj={xeA|rjx=x}.
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Then:
(i) rjxe C(A), for everyj € J, x e Aand
(i) C(A) =K;, for everyj € J;
(L12") (C(A),V,A,,0,1) is a Boolean algebra, where = X;
(L12") If ze C(A), then for every € A:
XAZ2=0<«<=x<7Z7,
ZVX=1<=7 <X
(L13)x™ Vrpix=1;
(L14) XA (rp—1x)~ =0.

Example 1.5. The algebra
Ln = LQ‘M”) = (Ln7v7/\77a (rj)j6-3707 1)7

12 n—2
Ln—{O,n_l,n_l,...,n_l,l}

XVy=maxXxy), XAy=min(x,y), X =1-X,
nG)={ T HIHSN icmusie

where

and

1, ifj+i>n,

is anLM,, algebra, that we shall cate canonicalLM, algebra.
The proper subalgebras 6f, have the form:

S=L— |J {xx}

xeLn—{0}

They arel M, algebras.
The smallest subalgebra 6f, (with respect toC) is C(L,) = {0,1}, which is also a Boolean algebra, cf.
(L12).
For instance, the subalgebras of
- Lsarel, andLg,
- L4 areL, andL4 and
- Ls areLy, L3, {0,1/4,3/4,1} andLs.

Remark 1.6. LM, algebras coincide with Boolean algebras.

Proposition 1.7. In everyLM,, pre-algebra, the determination principle (L6) is equivalent to each of the following
conditions: for every,y € L,

(@XA(rjx)~ Arjr1y <y, foreveryj € J— {n—1};
n—-1

(b) XA _/\1((ij)‘ VIy) <v.
J:

b (Representation theorem of Maisil)
EveryLM, algebra can be embedded in a direct product of copies of the canbMgallgebral,.

Corollary 1.1. EveryLM, algebra is a subdirect product of subalgebras of the candritablgebral,.

* %k %

In 1968, Gr. C.Moisil introduced thé-valued tukasiewicz algebras or LMy algebras for short (without
negation), where® is the order type of a chain with first and last element. The conce@tvafiued tukasiewicz
algebra is obtained from that afvalued, on the one hand, by dropping the negati@and on the other hand, by
replacing the sdt,, by a totally ordered sdtwith first and least elements and by adapting the axioms to this case;
the Determination Principle is preserved. These structures were thought by Moisil as models of a logic with an
infinity of nuances. According to a confession done by Moaisil, he imagined hlebras (without negation) long
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time ago, but the care of finding a strong motivation for them delayed the announcement; the motivation was found
when Moisil met Zadeh's fuzzy set theory, in which he saw a confirmation of his old ideas.

In 1969, Marek and Traczyk [110] introduced the notiogeheralized tukasewicz algebra (with negation)
in an attempt to generalize to the infinite caseltMg, algebras; but their generalization is not a natural one.

In his PhD thesis from 1972 [64], G. Georgescu studied duality theory for Moldilg algebras (without
negation), the injective objects (and their characterization), monadic and poliadic algebras.

In his PhD thesis from 1981 [53], A. Filipoiu studied th®lg algebras (without negation) and their associated
logic. He gives a representation theoremlitg algebras by aids d#-valent Moisil field.

In his Master thesis from 1981 [12] also, L. Beznea studies a generalizatidhgodlgebras (without negation)
obtained by eliminating the Determination Principle.

Later on, in his PhD theses from 1984 [21], V. Boicescu introduced and studiegvidleed LM algebras
without negation, as a particular case of MoisillsMg algebras (without negation).

Following the inverse way, A. lorgulescu, in her PhD thesis from 1984 [90] also, introduced and studied a
natural generalization of Moisil'kM,, algebras to the infinite case, call@dvalued LM algebras with negation
or LMy algebras with negationfor short; anyLMg algebra with negation is a Moisil'leMg algebra without
negation.

2 Connection with logic

Gr. C. Moisil invented LM algebras in order to create an algebraic structure playing the same role with respect
to the multiple-valued logic as Boolean algebras play with respect to classical, bivalent logic. However, as shown
by the example of A. Rose, this only happens for the case8 andn = 4.

The algebraic structures adequate to the infinite-valued logic of tukasiewicz (truth valued in the real interval
[0,1]) are the MV-algebras introduced by C.C. Chang in 1958 or, equivalently, the Wajsberg algebras introduced by
Font, Rodriguez and Torrens in 1984; D. Mundici proved in in 1986 that MV algebras are categorically equivalent
to lattice-ordered Abelian groups with strong unit.

R. Grigolia’s MV;, algebras, introduced in 1977, and Cignoli's proper tukasiewicz algebras, introduced in
1982, are algebraic structures correspondingtalued logic of tukasiewicz.

The logic corresponding tbM,, algebras was created by Moisil himself in 1964. tukasiewicz logic has im-
plication as its primary connector, while Moisil logic is based on the idea of nuance, expressed algebraically by
the Chrysippian endomorphisms. The “engine” of the latter logic is Moisil’s Determination Principle, according to
which ann-valued sentence is determined by its Boolean nuances. The Determination Principle realizes a transfer
from the multiple-valued logic to the classical logic. This determination brings Moisil logic much closer to clas-
sical logic than tukasiewicz logic. One could say that Moisil logidésived from classical logic by the idea of
nuancing. Algebraically, this tight relationship is expressed by the fundamental adjunction between the categories
of Boolean and tukasiewicz algebras.

V. Boicescu in 1971 and A. Filipoiu in 1981 introduced and studied logics appropibtd foalgebras without
negation. (i.e. infinite-valued LM algebras).

A. Filipoiu generalized Smullyan’s method of analytic tableautealued logic without negation and studied
the 8-valued predicate calculus as well, with applications to systems of recording and retrieval of information.

tukasiewicz logic, Post logic and Moisil logic consitute the three directions in the classical theory of multiple-
valued logic. Their corresponding algebraic modelshNYealgebras, Post algebras and LM algebras.

3 Connections with other structures of algebraic logic

Moisil introduced in 1941 theenteredLMj3 algebras.

Post algebras (cf. P. Rosenbloom (1942), G. Epstein (1960), T. Traczyk (1963)) turn out to be centered LM
algebras, cf. R. Cignoli (1969) and G. Georgescu - C. Vraciu (1969).6fvedued Post algebras were studied by
T. Traczyk (1967) and G. Georgescu (1971).

Gr. C. Moisil, R. Cignoli, L. lturrioz, A. Monteiro and V. Boicescu studied LM algebras as particular cases of
Heyting algebras. V. Boicescu also studied LM algebras as Stone algebras.
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LM3 algebras andlM4 algebras are polynomially equivalent/; algebras an®V, algebras, respectively,
since they are the algebraic counterpart of 3healued tukasiewicz logic and thévalued tukasiewicz logic,
respectively. D. Mundici was first to point out the equivalence betwéénalgebras antVs algebras, in 1989.
Then A. lorgulescu, in 1998-2000 [91] - [94], pointed out the isomorphism between the categdiésalfebras
and ofMV algebras, fok = 3,4 and also studied the categorldd , andMV , for n > 5, showing that everiV,
can be made into aldM, algebra. She then studied thddd,, algebras that can be viewed ¥/, algebras:

3.1 Connections betweehM, algebras andMV,, algebras

MV algebras were introduced by C.C. Chang, in 1958 [26]. A simplified list of axioms of MV algebras was
given by Mangani [109], as follows:

Definition 3.1. AnMV algebrais an algebra
A=(Aa,7,0)

of type(2,1,0), where the following axioms are verified: for every,z € A,
(MV1) (A, @,0)is an Abelian monoid,
(MV2) x@0 =0,
(MV3)  (x7)~ =X,
(MV4)  (x”ay)" ey=(y ®X)" &X
wherex-y= (x" @y ).

Definition 3.2. For anyme< N, we have:
(i) Ox=0and(m+1)x = mx&X,
(i) X0 =1 andx™?1 = xM.x,
TheMV, algebras were introduced by Revaz Grigolia in 1977 [87], as follows.

Definition 3.3. AnMV, algebra (n> 2) is anMV algebraA = (A,®, ~,0), whose operations fulfil the additional
axioms:
(ML) (n—1)x®&x=(n—1)x
M1)  xl.ox=x1
and, ifn > 4, the axioms:
(M2) (%) (x @[(j— DX )1 =0,
M2) (n-Dex -1 =1,
wherel < j <n—1andj does not dividen— 1.

Corollary 3.1. MV, algebras coincide with Boolean algebras.

Example 3.4. TheMV algebral,, = LﬁMV”) = (Ln,®,,0), where

and for anyx,y € Lp:
x@y=min(1,x+y), x-y=max0x+y-1), x =1-x
and

XVy=maxX,y), XAy=min(xy),

is anMV,, algebra. We shall call the canonicalMV,, algebra.
Note thatB(L,) = {0,1}.
The subalgebras @i, are of the form:
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whereK = 2=% if m— 1 dividesn— 1.

The subalgebraS, of L, are isomorphic td.m = {0, ﬁ7 el m%i 1}, if m— 1 dividesn—1, and they are
MV, algebras.
Hencelm = (Lm,®,-,7,0,1) (m< n) is anMV, algebra if and only ifn— 1 dividesn — 1.
For instance, the subalgebras of:
- Lz areL, andLgs,
- L4 arelLy andL4 and
- Lg arely, L3 andLs.

p
EveryMV, algebra is a subdirect product of subalgebras of the candviiéablgebral,,.

D. Mundici was the first to prove in 1989 [152] thigtl/z algebras coincide withM3 algebras.

A. lorgulescu has proved in 1998-2000 [91] - [94] that:
1 - MV, algebras coincide withM,4 algebras,
2 - the canonicaMV, algebra coincides with the canonida¥l, algebra > 2),
3 -forn>5, anyMV, algebra is 4 M, algebra,
4 - thosel M, algebras which ar®V;, algebras, for everg > 5, are exactly Cignoli’'s propearvalued tukasiewicz
algebras.

Here are for short the results 1-3:

%k 3k

To obtain the transformation of WV, algebra into ai.M,, algebra, for any > 3, lorgulescu used Suchis
transformation [174]:

Sucha defines Moisil operatoréo;)jcy ( 0j = rn—j) of the canonicalL M, algebra(n > 3) starting from the
tukasiewiczian implication—~ and from the negation. He puts

Bs(X) = (x ) — xandBj;1(x) = (x*) — Bj(x), j >3 (1)
Then he defines:
01X = Bp(X) 2
. o | one1(Biya(x), Ij >n—-1
andforl<j<[n/2, ox= { 0|jl(B|I++11(x Ul <n-1 (3)
wherel = max{m| m(j —1) <n—1},
while on_j(x) = (oj(x™)) ", for 1< j<[n/2]. 4

Suchadr's Moisil operators verify: 01> 0, > ... > 0q_1.

Remark 3.5. If we want to use Suchis construction, it is convenient to consider not the MV alge#ad, —,0),
but the Wajsberg algebrg A, —,~,1), introduced by J. M. Font, A. J. Rodriguez and A. Torrens in 1984; MV
algebras and Wajsberg algebras are isomorphic structures:

o if A= (A —, ,1)is a Wajsberg algebra and if we define

CY(.A) = (Av@’ivo)
by
XQy=x —y, 0=1", (5)

then a(A) is an MV algebra.
e Conversely, ifA = (A,®,~,0) is an MV algebra and if we define

B(A)=(A—,",1)
by
X—=y=X @Y, (6)
1=0,

then B(A) is a Wajsberg algebra.
e The mapsa, 3 are mutually inverse.
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It follows immediately by (1) that
B3(X) =x®&x=2x and Bj;1(x) =x®Bj(x) = jx, j > 3. )]
By using Suchg’s construction, lorgulescu then gave the following
Definition 3.6. LetA = (A, @, ~,0) be anMV,, algebra 1 > 3). Define
®5(A) = (A V,A, 7, (rf)jes,0,1)

by
XVy=X-y @YV, XAYy=(X"Vy ),
r—1X= (n—1)x, (8)
o ri(1x), l[j>n-1
fn—jX= { rn,”l(lx), lj <n-1, )
forl<j<[n/2, [=maxm|m(j—1) <n-1},
rx=(rmj(x))", 1<j<[n/2. (10)

Proposition 3.7. If L is the canonicaMV;, algebra (1 > 3), then®S(L,,) is the canonical M, algebra.
b If A is anMV,, algebra > 3), then®S(A) is anLM,, algebra.
% %k %k
Proposition 3.8. 1) Given the canonicdlM, algebra (> 3)
Ln=(Ln,V,A, 7, (rf)jes,0,1),
define W(Lp) = (Ln, ®",7,0) by:

if n=2k+1,
x@XFy = (XVrxy) A(YVIax) (11)
A (XVIay) A (Y VIk1X)
A D g ay) A (VYR Vg ax),
if n=2k
x@Xy = (XVra_1y) A(YVIa-1X) (12)
A (XTVIk-2Y) A (Y V IFok-2X)

A DRy A (YD Y ),
wherex* is thesuccessoof x and

= (), X™ = (X(m—l)*>* (13)

ThenW(Ly) is the canonicaMV;, algebra.

2) The mapsbS, from Proposition 3.7, an¥ are mutually inverse.
Since forn = 3, in the canonical M3 algebralgs, the operationp is:
XDY = (XVr2y)A(YVraX)
and forn = 4, in the canonical M, algebral4, the operatiorp is defined by:
XPY=(XVray) A(YVrax) A (X Vray) A (Y VX)) =
= (XVrI3y) A(YVI3X)A (X VY VIaXVray),

it follows that the transformatiok is not polynomial fom > 5).
ThoselM;, algebras which ar®1V,, algebras (i.e. for which the transformatikhis defined), for every > 5,
are exactly Cignoli's propen-valued tukasiewicz algebras [34], but the proof is very technical [94].
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4 Representation theorems

Numerous representation theorems have been given for LM algebras. The first is due to Moisil himself and
is reminiscent of the representation theorem for Boolean algebras: EMgralgebra can be embadded into a
Cartesian power dfy,.

In a modern vision [25], every LM algebra is a subdirect product of subalgebras of the algéhta) of
incresing functions from to L,. In particular everyLM,, algebra is a subdirect product of subalgebrag pf
(Cignoli). L is a direct product of subalgebrasf if and only if it is complete and atomic (Boicescu 1984).

The representation by continuous functions studied by Cignoli, Boicescu and Filipoiu, means that for every
LMy algebra without negatiof there is a unique Boolean spa¥esuch thatl is isomorphic to the algebra of all
continuous functions : X — In(1,L2), whereln(l,L,) is endowed with the topology having as basis the principal
ideals and the principal filters generated by the characteristic functions of thikséts- a}, a € 6.

The representation dfMg algebras without or with negation by Moisil fields of sets is due to Filipoiu. The
Stone duality was extended from Boolean algebrakMg algebras without or with negation with the aid of a
suitable concept calledMg-valued Stone space (Cignoli, Georgescu, lorgulescu), while the Priestley duality is
based on a suitable adaptation of the concept of Priestley space (Filipoiu).

The representation of LM algebras as algebras of fuzzy sets was studied by D. Ponasse, J.L. Coulon and J.
Coulon, S. Ribeyre and S. Rudeanu.

The representation dafM,, algebras byt M3 algebras is legitimated by the "good" properties of the latter and
was studied by A. Monteiro, L. Monteiro, F. Coppola, V. Boicescu and A. lorgulescu.

5 Categorial aspects

The Stone and Priestley dualities are in fact equivalences of categories. Other categorial properties of LM
algebras were studied. Here are a few samples.

The association df with the Boolean alegebi@(L) of complemented elements bfis extended to a functor
C:LM 6 —B, while the association of a Boolean algeBravith the algebrdn(l,B) is extended to a functor :
B —LM 6. ThenC andT are adjoint functorsC is faithful andT is fully faithful. This yields in particular the
representation theorem of Moisil. The construction of the fund@oaed T was given by Moisil himself.

The injective and projective objects have also been studied, for instantdJgalgebra is injective if and
only if it is a complete Post algebra (whose center is a complete Boolean algebra), cf. L. Monteiro, R. Cignoli, G.
Georgescu and C. Vraciu, V. Boicescu.

6 ldeals and congruences

The study of the appropiate ideal and congruence theory for LM algebras was undertaken by Gr. C. Moisil,
A. Monteiro, R. Cignoli, C. Sicoe. V. Boicescu introduced the concep®-feal andf-congruence, the prime
spectre. For instance, in the caseld, algebras without negation, the congruence lattic€ o6 a Boolean
algebra (a Stone algebra) if and onlyifis finite (C(L) is a complete Boolean algebra).

7 Monadic and polyadic algebras

L. Monteiro and G. Georgescu studied the generalization to LM algebras of the monadic and polyadic Boolean
algebras introduced by P.R. Halmos. Sample results: the representation of monadic LM algebras by functional
monadic LM algebras and the semantic completeness for polyadic LM algebras. A paper of G. Geogescu, A.
lorgulescu and I. Leustean investigates monddhg algebras and closedV;, algebras.
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8 Miscellanea

Various other topics have also been studied. Thus:

V. Boicescu proved that the lattice of equational subclassMf is a finite Heyting algebra. The study of
atomic algebras and the characterization of simple algebras as subalgelmdslof) and the property thdtM,
algebras without negation form an equational class, are also due to Boicescu. The study of irredundant algebras
and of exactlyn-valued algebras is due to Boicescu as well.

A. lorgulescu introduced and studisdcompleteLMy algebras with negations, generalizing many of the prop-
erties ofm-complete Boolean algebras.

G. Georgescu and I. Leustean studied probabilities on LM algebras.

L. Beznea studied a generalization of LM algebras, obtained by dropping the determination principle.

Let us also mention M. Sularia’s theory of D algebras. These structures are subdirect products between a
Heyting algebra and a Brouwer algebra and represent the algebraic counterpart of a logic of problem solving.

In [44], [48], the authors study tukasiewicz BCK algebras endowed with Moisil oparators.

In [163], [164], C. Sanza introduced and studied (monaulic)n-valued tukasiewicz algebras with negation.

In a very recent paper [103], |. Leustean proposes a unifying framewoikMgralgebras, MV algebras and
Post algebras; essentially, BN, 1 algebra is charcterized by a stringroBoolean ideals of his Boolean center.

The necessary and sufficient conditions are given that such a string must satisfy to ddfije;aalgebra or a
Post algebra of ordar-+ 1. This result could be seen as a generalization of Moisil’'s Determination Principle. As
an application, in paper [75], some special Cauchy completioM\if 1 algebras are characterized by using the
properties of corresponding strings of Boolean ideals.

In another very recent paper [75], G.Georgescu and A. Popescu introduced the natiomariced MV
algebra, by performing a Lukasiewicz-Moisil nuancing construction on top of MV-algebras. These structures
extend both MV-algebras and tukasiewicz-Moisil algebras, thus unifying two important types of structures in
the algebra of logic. On a logical levai;nuanced MV algebras amalgamate two distinct approaches to many-
valuedness: that of the infinitely valued tukasiewicz logic, more related in spirit to the fuzzy approach, and that
of Moisil n-nuanced logic, which is more concerned witlances of truth rather thartruth degrees They study
n-nuanced MV algebras mainly from the algebraic and categorial points of view and also consider some basic
model-theoretic aspects. The relationship with a suitable notienmfanced ordered group via an extension of
thel” construction is also analyzed:

8.1 n-nuanced MV algebras

Usually, MV algebras are defined only in termsdaf~ and0. However, in order to point out the symmetry of
these structures, the authors prefered the following slightly redundant definition:

Definition 8.1. AnMV algebra is a structure(A, @, ®, ~, 0, 1), satisfying the following axioms:
(MV1) (A /®,0) and(A,©,1) are commutative monoids,
(MV2) xe0=0andx®l=1,
MV3)  (x7)~ =x,
(MV4)  (x@y)” =x oy,
(MVE)  (xoy )@y =(YOx )&X.

Definition 8.2. A generalized De Morgan algebrais a structurel = (L,®,®,,0,1), where®, © are binary
operations,” is a unary operation, an@, 1 are constants such that the following conditions hold:

(i) (L,®,0),(L,®,1) are commutative monoids;

(i) (xey)~=x oy and(x )" =xforallx,yelL;.

Remark 8.3. If L is a generalized De Morgan algebra, then®>y)” =x~ ¢y forall x,y € L.
Definition 8.4. Ann-nuanced MV-algebra NMV;, algebra for short) is a structure
L = (L,@,@,i,rl,...,rn,]_,o,l)

such that(L,®,®,~,0,1) is a generalized De Morgan algebra and ..., r,_; satisfy the following axioms:
(A0) rix® ((rix)~ @riy) = riy® ((riy)~ orix), fori € {1,...,n—1},
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(A ri(x@y) =rixary, ri(xey)=rxony, ri(0)=0,r((1)=1,forie{1,...,n—1},
(A2)rix@ (rix)~ =1, rixe(rx)~ =0, forie{1,...,n—1},

(A3)riorj=rj, fori,je{1,...,n—1},

(ADri(x7) = (rp—ix) ", forie {1,...,n—1},

(A5) (Determination Principle:) ifix = rjy for eachi € {1,...,n—1}, thenx =y,
(AB)rix <rox<...<rpgX

Remark 8.5. NMV,;, algebras provide a common generalization of MV- and tukasiwicz-Moisil algebras. Indeed,
- if n= 2, then, because of the Determination Principlgis the identity, thus ah MV}, algebra can be identified
with an MV-algebra;

-if (L,®,0,7,0,1) is a De Morgan algebra, thefL,®,®, ~,r1,...,r-1,0,1) becomes ahM, algebra.

Example 8.6. LetA = (A,®,®,,0,1) be an MV-algebra. Consider the set
T(A) = {(Xl,...,Xn_]_) e A1 | X1<...< Xn—l}'

SinceA"1 is an MV-algebra (with operations taken component-wise f&grand T (A) is closed under the
operations0, 1, @, ® (where0 and1 are the constant vectors), then we can consider these operatiomgAn
We furthermore define, rq,...,rh_1 by:

(X15 s Xn—1) " = (Xy_15-- %1 ),

ri(Xa,..,%-1) = (X,...,%), forie {1,...,n—1}.

Then(T(A),®,®,7,r1,...,rn-1,0,1) is anNMV, algebra.

Define
M(L)={xeL|rnx=xforallie{1,...,n—1}}.

ThenM(L), together with the operations, ®, ~,0,1 induced byL, is an MV algebra, callethe MV-center
of L.

In the MV-algebraM (L) we have a canonical ordet. Let us define an extension of this ordelLtby:
x <yiff, for eachi € {1,...,n—1}, rix <ry.

Because of the Determination Principle, this is indeed an order and because of (A3), it is indeed an extension
of the order orM(L). Moreover, the compatibility properties listed in the following lemma are obvious:

Proposition 8.7. The following properties are true in &:
(1) Ois the greatest and is the least element ihw.r.t. <;
(2) for eachx,y e L, x <yiff y~ <x7;
(3) for eachx,X,y,y € L, if x< X andy <y, thenxdy <X ¢y andxeoy <X oY,
(@) rix<x<rp_1x foranyxelL,
(5) forx,ye L, if xdy=1landxoy=0, thenx,y € M(L) andy = x",
B)M(L)={xeL|xex =1, XX =0}.

9 Applications to switching theory

Whereas Boolean algebra is a suitable tool for the study of networks made up of binary devices, the study of
networks involving multi-positional devices and the so-called hazard and race phenomena have imposed the use of
other algebraic tools, namely Galois fields, tukasiewicz-Moisil algebras and the theory of discrete functions.

Moisil investigated circuits involving devices such as polarized relays with unstable neutral, ordinary relays
under low self-maintaining current, valves, resistances, multi-positional relays, as well as transistors and other
electronic devices. See also [125]. Moisil has described the operation of such devices by characteristic equations
of the formxi11 = ¢ (&, X«), where the variablg associated with the relay contact takes valuds,irwheren <5
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depends on the type of the reldye L, is a variable associated with the current and the iddexk + 1 indicates
the value of the corresponing variable at time k ort = k+ 1, respectively.

The synthesis problemconsists in designing a circuit made up of several relays and whose operation be
described by a given equation of the form

Xer1 = F (A, X), (14)

where X is the vector of the variables associated with the relays of the circudt,is the input vector and the
meaning of the indek or k+ 1 is the same as above. To solve this problem, Moisil notices the crucial point that
the structure of such a circuit is determined by the expression of a fur@tiamich satisfies the identity

= =G(AX), (15)

whereZ= is the vector of the variables associated with the relay of the circuit. So if

Xi+1 = Phi(Zk, X«) (16)
is the vector form of the characteristic equations of the relays of the circuit, it follows from (14) and (15) that
F (A Xi) = (2, %), 17)

for anyk. Therefore (15) transforms (17) into the identity
F(A,X) = ®(G(A,X),X), (18)

and Moisil’'s method for solving the synthesis problem consists in solving the functional equation (18) with respect
to G.
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