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Abstract: In this paper we study the tense 0-valued Moisil propositional
calculus, a logical system obtained from the 0-valued Moisil propositional logic
by adding two tense operators. The main result is a completeness theorem for
tense 0-valued Moisil propositional logic. The proof of this theorem is based
on the representation theorem of tense 0-valued Lukasiewicz-Moisil algebras,
developed in a previous paper.
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1 Introduction

The first contribution to the algebraic logic of finite-valued Lukasiewicz propositional calculus
is Moisil’s paper [18], where n-valued Lukasiewicz algebras (named today f.ukasiewicz-Moisil
algebras) were introduced. According to an example given by A. Rose (1957), for n > 5 the
Lukasiewicz implication cannot be defined in an mn-valued Lukasiewicz-Moisil algebra. Hence,
Moisil discovered a new many-valued logical system (named today Moisil logic), whose algebraic
models are n-valued Lukasiewicz-Moisil algebras.

In 1969, Moisil defined the 6-valued Lukasiewicz algebras, where 0 is the order type of a
bounded chain. These structures extend a part of the definition of n-valued Lukasiewicz algebras,
but they differ from these by accepting many negation operations ( [3], [10], [16], [23]). The logic
corresponding to the 0-valued FLukasiewicz-Moisil algebras was developed by Boicescu [1] and
Filipoiu [10] (see also [2]). This logical system is called the 0-valued Moisil propositional logic.
The chrysippian endomorphisms of 6-valued fukasiewicz-Moisil algebras are reflected in the
syntax of the 8-valued Moisil propositional logic by chrysippian operations.

This paper is devoted to the tense 8-valued Moisil propositional calculus, a logical system
obtained from the 8-valued Moisil propositional calculus by adding the tense operators G and
H. The algebraic basis of this logic consists of tense 0-valued Lukasiewicz-Moisil algebras (tense
LMp-algebras), algebraic structures studied in our paper [7]. We extend some of the results of [§],
where a tense n-valued propositional logic was studied. The tense 6-valued Moisil propositional
calculus unifies two logical systems: the classical tense logic and the 0-valued Moisil logic. The
connection between these logics is realized by axioms that express the behaviour of the tense
operators with respect to the chrysippian operations.

The paper is organized as follows.

In Section 2 we recall some definitions and basic facts on 8-valued Lukasiewicz-Moisil algebras
and 0-valued Moisil logic, with emphasis on the connectives —y and <5y and their algebraic coun-
terparts. Section 3 deals with tense 0-valued Lukasiewicz-Moisil algebras (tense LMg-algebras),
algebraic structures obtained from 0-valued Lukasiewicz-Moisil algebras by adding the two tense
operators G and H. Section 4 contains the syntactical construction of the tense 0-valued Moisil
propositional calculus. We establish some properties regarding the inferential structure of this
logical system.
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The Lindenbaum-Tarski algebra associated with the tense 8-valued Moisil propositional cal-
culus is studied in Section 5. We obtain the structure of tense LMg-algebra. The syntactical
properties of the tense 6-valued Moisil logic are reflected in this tense LMg-algebra, thus we use
the algebraic framework in order to obtain results for the logical system.

In section 6 we define the interpretations of tense 0-valued Moisil propositional calculus and
the k-tautologies of this logic. Our main result is the completeness theorem proved in this section
(Theorem 26). Its proof uses the representation theorem of tense LMg-algebras applied to the
Lindenbaum-Tarski algebra constructed in the previous section.

2 0-valued Moisil logic and 0-valued Lukasiewicz-Moisil algebras

Let (I, <) be a totally ordered set, with first and last element, denoted by 0 and 1 respectively,
and of order type 0, through this paper.

We fix an element k € I, through this paper.

In this section, we recall the 0-valued Moisil logic My described in [2]. The axiomatiza-
tion of O-valued Moisil propositional calculus uses the system of axioms of 0-valued calcu-
lus introduced by Boicescu [4] and Filipoiu [10]. The basic results are taken from Filipoiu
[10](see also [2]). The alphabet of Mg has the following primitive symbols: an infinite set
V of propositional variables; the logical connectives V,/\, @i, ®; for all i € I and the paran-
theses (,). The set Prop(V) of propositions of Mg is defined by canonical induction. For
each i € I, we shall use the following abbreviations: p —i ¢ = @ip V @iq and p <3 q =
= (p —i q) A (g —i p). The 0-valued propositional calculus has the following k-azioms:

(2.1) p =k (g =k p),

(2.2) (p =k (4 = 1)) =k ((p = ) =k (p =k 1)),
(2.3) PAQ =k P,

(2.4) pAQ—xq,

(25) (p =k @) =i ((p = 1) =i (P = gAT)),
(26) p —xpVa,

(27) g = pVaq,

(2.8) (P —x q) =k ((r =Kk q) =k (P VT —xq)),
(29) @i(p A d) ox 9P A @i, for every i € 1,
(2.10) @ilpV q) &k Pip A Piq, for every i € 1,
(2.11) @jp <k @i@;p, for every i,j €1,

(2.12) @jp «k ©i®;p, for every i,j € 1,

(2.13) @jp <k ©i@;p, for every i,j €1,

(2.14) @jp «k ©i@;p, for every i,j € 1,

(2.15) @ip =k @;p, for every i,j € I, 1 <j.
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The notion of formal proof in Mg is defined in terms of the above k-axioms and the
Py, P—7x(9

k-modus ponens inference rule:

For briefness, we will say "modus ponens" (m.p) instead of "k-modus ponens" from now on.
We shall denote by  p that p is a k-theorem.
We remind some k-theorems of Mg, which will be used in our proofs.

Proposition 1. ( /2], p. 491, Example 3.12) The following propositions are k-theorems of Mg:
(2.16) Fy p =k P,

(2.17) Fx p % @OxPp,

(2.18) Fx (@ip V @ip), for everyie 1, j €,

(2.19) F (@5(pV q) “x @ip V @5q), j €1,

(2.20) by (@5(p A\ q) =x PV @5q), j € 1,

(2.21) i ((p —x q) =k (@rq =1 Pxp)),

P
2.02) 4 j>X,
( )(Pjp

©kP —k Pxqg
P—kq

Proposition 2. The following propositions are k-theorems of My

(2.23)

(2.24) Fep = (@ = (PAG)),

(2.25) b (p/Aq =) =k (p =k (@ =k 1)),

(2.26) F (p =k (@ = 1)) =k ((PAG) =i 1),

(2.27) b (p —x q) =k ((@ =k 1) =k (p =k 1)),

(2.28) b (p =k q) = ((r = t) =k (PAT =k gAL).

Proof: We shall establish only the k-theorems (2.24), (2.25) and (2.28).

(2.24) We shall use (2.5), (2.16), (2.1), modus ponens and the Deduction Theorem (see [2],
p. 495, Proposition 3.17).

{pyqthx (p =k p) =k ((p =k q) =k (p = PAQ))  (2.5)

{pyqtFkp —xp (2.16)
pyalkk (p =k q@) =k (p =k P A Q) (m.p)
{pyat i g —x (p —x q) (2.1)
{pydtFx g

{PyatFep —xq (m.p)

pyatp =k (PAQ) (m.p)
{p,atkxp

Pyt P A g (m.p)
{ptFxq—x (P Q) (Deduction Theorem,)

Fe p =k (@ =k (PAQ)) (Deduction Theorem)
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(2.25) We shall apply (2.24), modus ponens and the Deduction Theorem.

{pAq—=km,pqt bk p —x (g =k (PAQ)) (2.24)
{P/\qﬁknP»q}'—kP

PAg—=kr,paqlbg—x (PAQ) (m.p)
PANq—x1,p,q} i q

PAqg =P alFepAg (m.p)
{pAquT>p>q}l_kp/\q_>kT

{pANqg—xm,pgtbiT (m.p)

PAq—=kT,pt Fxqg—xT (Deduction Theorem)

PAq—xT} Fep —x (@ =k 1) (Deduction Theorem)
Fe (p/Aq =k 1) =k (p =k (@ =k 1)) (Deduction Theorem,)

(2.28) We shall use k-azioms (2.3), (2.4), modus ponens, k-theorem (2.24) and the Deduction
Theorem.

p—=xagr—=xt,pArtp AT

p—oxgr ok t,pATHEKP AT S P (2.3)
{p—=xgqr—=xt,pArtep (m.p)
p—-xgr—oxt,pArthp —x q

{p—=xqr = t,p ATt q (m.p)
p—oxgront,p ATtk p AT ¢ T (2.4)
{p—=xqr—=xt,pArther (m.p)
p—=xgront,pArthr ot

p—=xgr—xt,pArthegt (m.p)
p—=xgroxt,pArte g =k (t =k (@A) (2.24)
Pk =kt p ATt =1 (@A) (m.p)
p—=xagr =k t,p At g At (m.p)

Applying the Deduction Theorem three times we obtain that
P (p = q) = (P2 t) = (PAT = gA L),

The rest of the proof is straightforward. |

The 0-valued Lukasiewicz-Moisil algebras constitute the algebraic counterpart of the 8-valued
Moisil logic. The Lindenbaum-Tarski algebra of the 8-valued Moisil propositional calculus is an
0-valued Lukasiewicz-Moisil algebra (see [2], p. 500, Theorem 3.30).

We shall recall the definition of 8-valued Lukasiewicz-Moisil algebras.

Definition 3. A 0-valued Lukasiewicz-Moisil algebra (LMg-algebra) is an algebra
L= (L) /\) \/»{(Pi}ieb{@i}ieb OL» 1L) Of type (2) 2){1 }ieb{]}ieb O) O) such that fOT all Xy c L;

(2.29) (L, \,V,0r,11) is a bounded distributive lattice,

(2.30) @i is a bounded distributive lattice endomorphism for all i € 1,
(2.31) @ix N @ix =0r; @ix V @ix = 1 for alli €,

(2.82) @io@; = @j for alli,j €1,

(2.33) If i <j then @i < @j for alli,j €1,

(2.34) If @ix = @y for alli € 1, then x =y (this is known as Moisil’s determination principle).
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Let £ = (LA, V,{@ilier, {@ilier, 01, 1) be an LMg-algebra.
We say that £ is complete if the lattice (L, A\, V, 01, 11) is complete. £ is completely chrysippian if
for every {xx}xek (xk € L for all k € K) such that /\ Xy and \/ Xy exist, the following properties
keK kek
hold: (Pi(/\ Xk) = /\ Pixy, (Pi(\/ Xk) = \/ eixi (Viel).

keK kekK keK kekK

Example 4. Let B = (B,/\,V,”, 08, 15) be a Boolean algebra.

The set D(B) = BU = {f|f : I — B,i < j = f(i) < f(§)} of all increasing functions from 1
to B can be made into a LMg-algebra D(B) = (D(B), A\, V,{@i}ic1,{®i}ic1, On(s), 1D(B)) where
Opee), Tome) : I — B are defined by Op(p)(i) = Op and Tpp)(i) = 1 for every i € I, the ope-
rations of the lattice (D(B),/\,V,0p ), Ins)) are defined pointwise (cf. [2], p.6, Example 1.10)
and (@:f)(§) = (1), (GiH)() = (FL)~ (vj 1) (vie ).

Let £ = (L,\,V,{@i}ic1, {®i}ie1, Or, 1) be an LMg-algebra. For each j € I we consider the
binary operation —; on £ defined by (2.35) a —j b = @;aV ;b = (@;a/A@;b)~ for all a,b € L.
This implication is associated to A (like for Boolean algebras), but like for Boolean algebras also,
there exists the following implication: a ~»; b = @;a /\ @;b, associated to V.

The notion of morphism of LMg-algebras is defined as usual ( [2]). Of course, a morphism of
LMg-algebras preserves the operation —;.

3 Tense 0-valued Lukasiewicz-Moisil algebras

In this section we shall recall some definitions and basic results on tense 0-valued Lukasiewicz-
Moisil algebras from [7].

Definition 5. A tense LMg-algebra is a triple Ay = (A, G, H), where A = (A, /\,V,{@i}ic1, {®ilicl,
0a,14) is an LMg-algebra and G, H: A — A are two unary operations on A such that for all
X,y €A,

(3.1) G(1a) = 1A, H(1A) =14,

(3.2) G(xAy) =G(x) AG(y), Hx Ay) = H(x) A H(y),
(3.3) Go@i=i0G, Hoi=@ioH, for anyicl,
(5.4) G(x)Vy=1a iff xVH(y) = 1a.

Definition 6. Let (A, G,H) be a tense LMg-algebra. For any i € 1, let us consider the unary
operations Pi, Fi defined by Pix = @iH®x and Fix = ©;G@;ix, for any x € A.

Proposition 7. Let A = (A, /\,V,{@i}lic1, {®Pitic1, 0a, 1a) be an LMg-algebra and G,H be two
unary operations on A that satisfy conditions (3.1), (3.2) and (3.3). Then, the condition (3.4) is
equivalent with (3.4") @i < Go Py and @; <HoF; for allie 1.

Thus, if we replace in Definition 5 the axiom (3.4) with the condition (3.4’), we obtain an
equivalent definition of tense LMg-algebra.

Proposition 8. Let A = (A, /\,V,{@itic1, {Pitic1, 0a, 1a) be an LMg-algebra and G,H be two
unary operations on A that satisfy conditions (3.1) and (3.3). Then, the condition (3.2) is
equivalent to (3.2") G(a — b) < G(a) —¢ G(b); H(a —¢ b) < H(a) —x H(b) for allk € T where
—k 1s defined by (2.35).
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Thus, if in Definition 5 we replace the axiom (3.2) by (3.2’), we obtain an equivalent definition
for tense LMg-algebra.

Definition 9. A frame is a pair (X,R), where X is a nonempty set and R is a binary relation on
X.

Let (X,R) be a frame and £ = (L, A\, V,{@i}ic1, {®i}ic1, Or, 11) be a complete and completely
chrysippian LMg-algebra. LX has a canonical structure of LMg-algebra. Let’s us define for all

p e Xand x € X: G*(p)(x) = Afp(y)ly € X, xRy}, H*(p)(x) = Alp(y)ly € X, yRx}.
Proposition 10. For any frame (X,R), (£X, G*, H*) is a tense LMg-algebra.

Let (B, G,H) be a tense Boolean algebra. We define on D(B) the unary operations D(G)
and D(H) by: D(G)(f) = Gof, D(H)(f) =Ho f for all f € D(B).

Lemma 11. If (B, G,H) is a tense Boolean algebra then (D(B),D(G),D(H)) is a tense LMg-
algebra.

Theorem 12. (The representation theorem for tense LMg-algebras) For every tense
LMg-algebra (A, G, H) there exist a frame (X,R) and an injective morphism of tense LMg-algebras
o: A — (D(Ly)X, where Ly ={0,1}, the standard Boolean algebra.

4 Tense 0-valued Moisil logic (the syntax)

In this section we introduce the tense 8-valued Moisil propositional calculus TMg, a logical
system obtained from the ©-valued propositional calculus (see [2]) by adding the two tense
operators G and H. We define the notion of k-theorem and k-deduction then we establish some
syntactical properties of TMg.

The alphabet of TMy has the following primitive symbols: an infinite set V of propositional
variables; the logical connectives V, /A, @i, ®; for all i € I; the tense operators G and H and
parantheses (,). The set E of propositions of TMjy is defined by canonical induction.

Definition 13. We shall use the following abbreviations: for oll &, 3 € E and 1 € I, we define
x i B =ixV @if; x i p=(ox = B) A (B =i &); Fix = 9iGPiax; Pix = piH@iox.

Definition 14. We call a k-axiom of tense 8-valued Moisil propositional calculus a proposition
of one of the following forms:

(4.1) The k-axioms of 0-valued Moisil propositional calculus ((2.1)-(2.15) in Section 2);
(4.2) Gla = B) —x (G =k GB); Haw = B) — (Hoe —x HPB);
(4.3) Geix &3 ©iGo; Heix &3 @iHa, for all i € 1;
(44) PixX —k GPio; PixX —k HF; «, fOT alliel.

The notion of formal k-proofin TMg is defined in terms of the above axioms and the following
%o b x X (Temporal Generalizations)

Co Mot pora alizatio

Definition 15. We say that a proposition « is a k-theorem of TMg if there exists a k-proof of
it. We will denote by Fy « the fact that « is a k-theorem of TMg.

inference rules: (modus ponens);

Definition 16. Let ' C E and o« € E. We say that « is a k-deduction from T and write T Fy «
n

if there exist n € N ={0,1,2,...} and &1, ..., tn € T such that by /\ o4 —k K.

i=1
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We remark that the logical structure of TMg (k-theorems and k-deduction) combines the
logical stuctures of two logical systems: the 8-valued Moisil logic and tense classical logic.
Further we shall prove some syntactical properties.

Lemma 17. Let I’ CE and o € E. Then T by « iff there exist n € N and &1, ...,xn € ' such
that l_k X1 —k ((Xz —k ...(O(n —k OC))

Proof: By Definition 16 and k-theorems (2.25) and (2.26). O

Lemma 18. Let ' C E and « € E. Then T Fy o iff there exists T' C T, T’ finite, such that
r’ l_k .

Proof: By Definition 16 and Lemma 17. o

Proposition 19. Let [ X C E and o, 3 € E. The following properties hold:

(i) If by o then T by «;

(1)) If T C X and T by o then £y «;

(i1i) If « € T then T by o

(z’v) {OC} Fk 6 iﬁ Fk X —k f),'

(v) If T ¢ o and {o} by B then Ty B;

(vi) If Tk & and Ty o« =y B then T Fy B;

(vii) T o A B iff T e o and T Fy B.

Proof: (i) Using Definition 16 for n = 0. (i1) By applying Definition 16.

(111) Using k-theorem (2.16) and Definition 16.

(iv) We assume that by & —y B. Then, by Definition 16, we obtain that {o} Fy B. Conversely, if
{a} b B then there exists n € N such that by (& /\ ... \ &) —k B. By using k-azioms (2.4) and

n
(2.5), we get that by (& /\ ... /\ &) ¢ &, so Fy o« —x B
n
(v) We suppose that T' by « and {«} by B. Then there exist n € N and oy, ..,0n € T such that
n

i /\ o« —x «. Using (i), it follows that by o« =y B and by applying k-theorem (2.27) and

i=1
n

modus ponens, we obtain that -y /\ o —k P, so T He B.

i=1
(vi) Let T' by oc and T Fy o =y B. By applying Lemma 18, there exist Ty, Ty C T such that
Mtk xand T Fy 6 =y B. By (ii), it follows that T UT) ¢ o and Ty UT, e o0 —k B
n n

If we consider Ty U Ty = {y1,...,Yn}, we obtain that /\y,—L — o and Fy /\yi —x (¢ =k
i=1 N i=1
—x B). By applying k-aziom (2.2) and modus ponens, we get that -y /\‘y;L —x B, soT ¢ B.
i=1
(vit) We assume that T Fy o /A B. By using k-axioms (2.8) and (2.4) and applying (i) and (vi),
we obtain that I' b o« and T Fy B. Conversely, we assume that T by o« and T Fy 3. By using

k-theorem (2.24) and (i), we obtain that T Fy o —y (B —=x «/\B). By applying twice (vi), we
get ' oo A B. |

Theorem 20. (The deduction theorem) Let T C E and o, € E. Then T'U{a} k¢ B iff T k¢
X —k B

Proof: We assume that T'U{a} by B. Then there exist n € N and &py...,xn, € T such

n
that (/\ o A\ ) =k B. By applying k-theorem (2.25) and modus ponens, it follows that

i=1
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n
Fy /\oci —x (¢ =k B). Using Definition 16, we obtain that T b o —¢ . Conversely, we
i=1
suppose that T Fy o« —x B. Thus, by Proposition 4.1 (ii), we get T U{o} by o« —x B. Also, by
Proposition 4.1 (iii), we have that T U{a} k¢ &, hence by applying Proposition 4.1 (vi), it results
that T'U{o} by B. O

Proposition 21. In TMg, the following properties hold:
(4.5) If b o ¢ B, then Fy G &3¢ GP,
(4.6) Fx G(a A B) & (Ga A GB).

Proof: (4.5) By using k-axioms (2.3), (2.4), k-theorem (2.24) and modus ponens, we obtain that:
Fr oo ok B iff Fx &« =k B and Fy B —x «. Applying the temporal generalization rule G, we get
that b G(a —x B) and Fy G(B — «). Then, by k-aziom (4.2) and modus ponens, it follows
that Fy Goe = GP and Fy G —¢ Gx, hence i Ga < Gf.

(4.6) We shall prove that b, G(a A B) =k (GaAGR) and H (Ga A GBR) = G(axAB). By
applying Proposition 21 (4.5) for k-azioms (2.3), (2.4), we obtain that by G(ax A\ B) = G and
F Gl A B) —x GB. Using k-aziom (2.5) and modus ponens, it results that
Fo Gl AB) —x (Ga /A GB). By k-teorem (2.24) and the temporal generalization rule G,
we obtain that Fy G(ax —x (B —x «/A\B)). Applying k-azxiom (4.2), modus ponens and k-theorem
(2.27), it follows that Fy G =y (G —x G(a/AB)). Using k-theorem (2.26) and modus ponens,
we get that by (G A GB) = G(e A B). Thus by G A B) 1 (G A GBR). O

We remark that there exists a similar Proposition concerning H.

5 The k-Lindenbaum-Tarski algebra of tense 6-valued Moisil logic

In this section we shall prove that the k-Lindenbaum-Tarski algebra of TMg is a tense 0-
valued Lukasiewicz-Moisil algebra. Therefore, the tense 6-valued Lukasiewicz-Moisil algebras
constitute the algebraic structures of TMg and the properties of tense LMg-algebras reflect the
syntactical properties of TMg.

We consider the binary relation ~¢ on the set of all propositions E, defined by: o ~¢ B iff
Fr @i o @ifp for allie I

Lemma 22. ~ is an equivalence relation on E.

For any proposition « € E, we denote by [alx the equivalence class of . We can define the
following operations on the set E/-, : [ali VBl = [0V Bli; [k A[Blk = [a/\Bli; piladk = [@iady;
Pilali = [@iady for all i € I; G([y) = [Gody; H([ady) = Hody; Ok = [@raly, Tk = [@raly, where
« is a k-theorem of TMg.

Proposition 23. (E/. ,/\,V,{@ilic1, {®iker1, Ok, 1k, G, H), the k-Lindenbaum-Tarski algebra of
TMa, is a tense LMg-algebra.

Proof: By ( [2], p.500, Theorem 3.30), we have that (E/~_,/\,V,{@ilie1, {@ilic1, Ok, k) is an
LMg-algebra. What is left to prove is that the operations G and H are well defined and the
conditions (3.1)-(5.4) are satisfied. Due to the symmetrical position of G and H we shall only
include the proofs for G. Let &, 3 € E such that o ~x p. Thus, Fx @ix <y @iy for alli e L
Applying Proposition 21 (4.5), we obtain that by Goix ¢ Goifp for all i € 1. Using k-azxiom
(4.3), it follows that Fy @iGo =y @GP for alli € 1, so G~ GB.
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(8.1) We have to prove that G([exalx) = [@xaly i.e. by definition of ~¢ that by @iGEra
©iQxx for every « such that by o and for alli € 1. Let « € E such that Fx « and i € 1.
By k-theorem (2.22), we obtain that -y @y and by applying the temporal generalization
rule G, we obtain that Fy Gexx. Using k-aziom (2.1) and modus ponens, it results that
|_k P —x G(pkoc and l_k G(pkO( —k PrX. Thus, we get that (Z) l_k P& —x G(pkO(. Usmg
k-aziom (2.11), we have that (ii) by @i@xo <3¢ @ and by using Proposition 21(4.5), we
obtain that (iii) F Gei@kx i Goyxx. Using k-aziom (4.3) and the conditions (i), (i),
(i), it results that by @iGOKX S OLOKX.

(8.2) Let o, 3 € E. We must prove that G(ladx N [Blk) = G([alx) A G(IBlk) .e. Gl /A B) ~k
Go A\ GR which is equivalent with Fy @iG(aAB) —x @i(Ga/A\GP) for alliel. Letie 1.
By using Proposition 21(4.6) for o« = @i and B = @if3, we obtain that (i) b G(@ioc /\
AN@Qif) e (Goioe N\ Goif). By using k-axiom (2.9) and Proposition 21(4.5), we get
that (i1) Fv Geilae A B) & G(ei A\ @if3). By conditions (i) and (ii), we obtain that
(a) Fx Goi(aNA\B) ok (Goia/\G@if). Byk-aziom (4.3), we have: by Goix 3y @iGa and
Fr Geif «x ©iGR. Applying k-theorem (2.28), it follows that (b) F (Geiax A G@ifd) <k
o (iGaNA@iGP). By conditions (a), (b) and k-axiom (4.3), we obtain that Fy @G (ax/\
AB) “k 9i(Ga A GB).

(3.3) We have to prove that b @;Geioc < @j@iGa for all 1,j € 1. Let i,j € 1. By k-
axiom (2.11), we obtain that (a) Fy @j@iGoe &y @iGo. Using k-aziom (4.3), we have
that (b) Fi @;Geix < Goj@ix. By k-azioms (2.11) and Proposition 21(4.5), it fol-
lows that (c) b Gejeix & Geix. By (a), (b), (c) and k-axiom (4.3), we get that
Fr 05G@ix <y 950G

(8.4) Since by Proposition 7, the condition (3.4) is equivalent with (3.4°), we shall prove that
[piai < [GPiady for alli €1, ie. i @i = @;GPix for all i,j € 1. Let i,j € 1. By
k-aziom (2.13), we have that Fy Py ¢ @jPix. Applying Proposition 21 (4.5), it follows
that b GPix < Go;Pix. Using k-axiom (4.3), it results that (1) b GPia <y @jGPix.
Also, by k-aziom (2.11), we have that (2) b @i < @5@ic. By (1), (2) and k-aziom
(44}, we get that Fy PjPix —x (p]'GPiO(.

|

6 Semantics and completeness theorem of tense 0-valued Moisil
logic

This section concernes with the semantics of TMg, which combines the properties of Kripke
semantics for T and the algebraic semantics for Mg. We establish a completeness theorem for
TMg by using the representation theorem of tense 0-valued Lukasiewicz-Moisil algebras [7].

Definition 24. Let (X,R) be a frame. A valuation of TMg is a function v:E x X — L[ZH such
that for all o, p € E and x € X, the following equalities hold: v(o —x B,x) = v(o, x) = v(B,x);
V(A B, x) = v(x,x) Av(B,x); v(xV B,x) = vie,x) VV(B,x); v(gix,x) = @iv(a,x) for any
i€ Lv(@io, x) = Quv(er, x) for any 1 € 1; v(Gp,x) = A{v(p, y)xRy}; v(Hp, x) = A{v(p, y)lyRx}.
The first five conditions of the previous definition reflect "the many-valued past" of TMg
(see |2], p.487) and the last two conditions correspond to "the tense past" of TMp (see [5],
p.93).
Definition 25. We say that a proposition « is a k-tautology and we write |=x o if for every
frame (X, R), for any valuation v :E x X — Lg] and for all x € X, we have v(a,x)(k) = 1.
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The following result establishes the equivalence between the k-theorems and the k-tautologies
of TMg. The proof of the main implication is based on the representation theorem for tense 6-

valued Lukasiewicz-Moisil algebras (Theorem 12).

Theorem 26. (Completeness theorem). For any proposition & of TMg, we have: Fy o« iff Ex «.

Proof: (=). We shall prove by induction on the definition of by « that for every frame (X, R)

and for any valuation v:E x X — L[ZH, we have v(a,x)(k) =1, for all x € X.

Let (X,R) be a frame, v:E x X — L[ZH be a valuation and x € X.
o We suppose that o is a k-axiom.

(a) Let « be G(p —x q) —«k (Gp —k Gq) with p,q € E. It is known that a —y (b — ¢) =

= (a ANb) —x c ( [7, p.6, Proposition 2.1 (1)).  We have:

vie,x)(k) =

=V(G(p =k q) =k (Gp =k Gq),x)(k) = (G(p —k q),%x) =k (V(Gp,x) —x v(Gq,x))](k) =
= [(v(G(p = ), %) AV(Gp,x)) =1 v(Gq,x)](K) = [/\ (v(p,y) =1 v(d,¥) Av(p,y)) =k

xRy

= Aviawik) = B Alvpy) = v(g,) Avipy) Ve Avigylk) =

xRy xRy

xRy

= [(A\ (v(pyy) = v(g,y)AW(p, y) (VA v, y)) (k) = [A (VP y) (k) V(g y) (K)A

xRy xRy xRy

Av(p,y) ()17 V (A vig,y) (k) = [A (v(g,y) (k) Av(p,y) ()T V (A vg,y) (k).

xRy xRy xRy
Since v(q

A (a9 &) Avip,y)k) < A vigy)

xRy xRy

aVb =1, we get that [\ (v(q,y) (k) Av(p,y) (k)] V (/\ v(g,y) (k) =
Ry xRy

®

y)(k), v(p,y)(k) € Ly and v(q,y)(k) Av(p,y)(k) < v(q,y)(k), we obtain that
(k). Since in a Boolean algebra we have a < b iff

1.

(b) Let o« be Goip —x @iGp with p € E and i € L Then v(a,x)(k) =

= v(Goip =k @iGp,x)(k) = v((Geip —k @iGp) N (@iGp —x

Goip)yxJ(k) =

= [(W(Geip,x) =i V(9GP X)) A (V(@:Gp,X) =i V(Geip, X))I(K). Since Ly is complete
and completely chrysippian, it follows that v(Geip,x) = /\ eiv(p,y) = (pi(/\ v(p,y)) =

xRy

xRy

=v(iGp,x). We know that a — a =1 ( [7], p.6, Proposition 2.1 (f)), hence v(e,x)(k) =

1.

(c) Let « be @ip —x GPip with i € 1. We have v(cx,x)(k) = v((pip — GPip,x)(k) =

= (V((pip)x) —k V(Gpip)x))(k) (plv Py X Hk /\ 1]9)9

xRy
(ev(pyx) =k \ V @v(p,2)(K) = Drloiv(p, x) (k) V @il A \/ oiv(p,2)) (k) =
xRy zRy xRy zRy
\//\ \/ v(p,z)(i). Lety € X such that xRy. Then v(p,x)(i) < \/ v(p,z
ny zRy zRy
hence v(p,x /\ \/ v(p,z)(i). We obtain that [v -V /\ \/ v(p,z
xRy zRy xRy zRy

o We assume that o« was obtained by applying the modus ponens rule.

We have that

v(B,x)(k) = T and v(p —n o, x)(k) = 1. But v(B —n «,x)(k) = (v(B,x) =k v(x,x))(k) =

= (Pv(B,x) V vl x)) (k) = @x(v(B, x)) (k) V @x (v, x)) (k) = [v(B, x) (k)]
We deduce that v(a,x)(k) = 1.

“ V(e x)(k).
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o We suppose that « = G such that by B. We have that v(B,x)(k) =1, for every x € X. Then
V(GB,x) (k) = (A v(B,y))(K) = A v(B,y)(k) = 1.

xR xR
(&). We shall ]y)mve that if Hy yoc then Fx «. Assume that i «, so [«]xy # 1. By u-
sing Proposition 23, we have that the k-Lindenbaum-Tarski algebra (E/._,G,H) of TMg is a
tense LMg-algebra. Applying the representation theorem for tense LMg-algebras (Theorem 12),
there exist a frame (X,R) and an injective morphism of tense LMg-algebras d : (E/._,G,H) —
—  (D(Ly)X,G*,H*).  Let us consider the function v : E x X — L[ZH defined by
via,x) = d([alx)(x), for all x € E and x € X. [t is straightforward to prove that v is a val-
uation. Since d is injective and [x]x # 1y, we obtain that d([«]x) # 1D(]_2)x, hence there exists
a € X such that v(x, a) = d([ady)(a) # 1p(,). Thus « is not a k-tautology. O

7 Concluding Remarks

The tense 0-valued Moisil propositional calculus TMg can be viewed as a common generali-

zation of the 0-valued Moisil propositional logic Mg and the classical tense logic 7.
TMpe combines the logical structures of these logical systems and its semantic is inspired from
the semantics of T and Mg. The main result of this paper is a completeness theorem for TMg.
Its proof is derived from the representation theorem of tense 0-valued Lukasiewicz-Moisil algebras
[7].

An open problem is to obtain a proof of the representation theorem for tense 0-valued
Lukasiewicz-Moisil algebras by using Theorem 26.

The next step in the study of tense aspects of Moisil logic is to define the tense 8-valued pre-
dicate logic (the syntax and the semantic) and the algebras corresponding of this logic (polyadic
tense 0-valued Lukasiewicz-Moisil algebras). We hope to prove a completeness theorem for tense
0-valued Moisil predicate logic and a representation theorem for the corresponding algebras. The
tense logics corresponding to the LMg-algebras with negations [16] will be the subject of another

paper.
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