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Abstract: The problem of observer-based passive control for uncertain nonlinear
sampled-data systems with time delay is investigated by using non-fragile passive
control. Attention is focused on the design of a non-fragile passive observer and a
controller which guarantees the passivity of the closed-loop system for all admissible
uncertainties. A sufficient condition for passivity and asymptotic stability of the
combined system is derived via linear matrix inequality (LMI). Finally, a simulation
example is presented to show the validity and advantages of the proposed method.
Keywords: Uncertain sampled-data system, Time-delay systems, State observer,
Non-fragile passive control, Linear matrix inequality

1 Introduction

In the past few years, sampled-data systems are widely encountered in the area of control
theory and control engineering, such as welding process, aerospace, signal processing, earthquake
prediction, due to its character as continuous control plant and discrete controller [1]. Since time
delay and inherent nonlinearity often occurs and causes serious deterioration of the stability of
various engineering system, considerable research has been done and numerous results have been
obtained relating to the analysis and synthesis of uncertain nonlinear sampled-data systems with
time-delay, see e.g. [2-7]. Among these results, non-fragile passive control problem have attracted
particular attention. Passivity is part of a broader and more general theory of dissipativity
and non-fragility is a scheme of solving robustness of controller and observer themselves [8-11],
they maintain the system’s internal stability. Because non-fragile passive control has attractive
features such as fast response, good transient response and insensitivity to variations in system
parameters and external disturbance [12-16], which is likely to be an effective technique of control
for uncertain nonlinear sampled-data system with time-delay.

On the other hand, all above works are based on an implicit assumption that the states are all
known. However, this unrealistic assumption is not always verified. and hence, the construction
of the unmeasured states through the knowledge of the system’s inputs and outputs still an
unavoidable task to solve any desired control problem [17-21|. However, to our knowledge, there
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have been few results in literature of any investigation for observer-based non-fragile passivity
uncertain nonlinear sampled-data system with time-delay.

The above situation is exactly what concerns and interests us. a novel approach of non-fragile
control combined with passive control is proposed for stabilizing a class of uncertain nonlinear
systems with time-delay. By utilizing a non-fragile state observer, a novel control law is estab-
lished such that the resulting closed-loop system is strictly passive. A sufficient condition for
the passivity and asymptotic stability of the augmented system is derived via LMI. Finally, an
example is simulated to illustrated the advantage of the proposed method.

2 Problem Statement and Preliminaries

Consider the plant of uncertain nonlinear sampled-data system with time-delay described by

z(t) = (Ao + AAg)x(t) + (A1 + AA)z(t — 7) + Bou(t) + f(x,u,t) + Biw(t)
y(t) = Cha(t) + Hou(t) M
2(t) = Cox ( ) + Haw(t)
2(t) = € [-7, 0]
where x(t) € R™ is the state, and u(f) € R™ is the control input, y(f) € RP is regulated

output, z(t) € R? is measured output, w(t) € R" is the external disturbance input that be-
longs to L]0, 00|, Ag, A1, By, B1,C1, Ca, Ha, H3 are known real constant matrices of appropriate
dimension, AAy, AA;, are uncertain matrices. f is the uncertain nonlinear function vector,
£(0,0,t9) =0, and f satisfies the Lipschitz condition.

Assumption 2.1. The continuous plant is time-driven with a constant sampling period
h(h > 0).

Discretizing system (1) in one period, we can obtain the discrete state equation of the
plant of sampled-data system

o(k+1) = (Go + AGo)z(k) + (G + AG1)x(k — d) + Hou(k) + f(wg, 2x_a, k) + Hiw(k)
y(k) = Crax(k) + Hau(k)
2(K) = Coa(k) + Hyo(})
x(k) =9, <0
(2)
where
Go = o = [ eMoth-w)gp A,

Hy= [ er<h w>deo , Hy = [l edoh=w) gy B,
flz,u k) = foh e dw f (x,u,t)
f(@,u,k) = foh e dw f(Z,u, t)

Consider non-fragile observer described by

#(k+1) = Goz(k) + G12(k — d) + Hou(k) + (L + AL)(y(k) — 9(k)) + f(Zg, Tk—_a, k) \
(k) = Cai(k) + Hyu(k) ®
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where (k) € R™ is state of observer, and L is observer gain, AGy, AG1, are uncertain matrices
and AL are observer gain perturbation which are assumed to be of the following form:

[AGy AGy AL = MyF(k)[Ey E1 E5] (4)
On the other hand non-fragile controller described by
u(k) = (K + AK)z(k) (5)

where K is controller gain, AK represents corresponding gain perturbation, and generally,
there exist the following two classes of perturbation in AK:

Typel: AK is of the additive form:
AK = MyF(k)Es (6)
Type2: AK is of the multiplicative form:

AK = MyF(k)EsK (7)

where My, Ey, E1, E, E53, and E4 are real matrices with appropriate dimension and F'(k) €
R¥*! is an unknown time-varying matrix function satisfying

FY(k)F(k) <T

Assumption 2.2. f(xy,25_a, k), f(Zr, £x_d, k) satisfies the quadratic inequality in the do-
mains of continuity, that is

FY(wp, 2h—a, k) F (g, Tp—as k) < 6727 (K)MEMyz(k) + 63,27 (k — d) M} Myx(k —d)  (8)
Let £ = [ et(k) a%(k) eT(k—d) 2%(k—d) [z, x5-a,k) ], then (8) can be conve-

niently written as

[ —82M M, * * * * ]
—8M{FMy 82 M M,y * * *
L(k) 0 0 — 05 Mgy May * x| &k)<0 (9)
0 0 0 —02 MIM *
I 0 0 0 0 MM T |

In addition,

Y (Fky Ty k) f (ks Bhmas k) < 6387 () MY Moz (k) + 65087 (k — d)M L, Mapd(k —d)  (10)

Let & = [ e'(k) @T(k) eT(k—d) @T(k—d) fT(&x,&k-ak) |, then (10) can be con-

veniently written as

[0 * * * * ]
0 —63MFIM, x * *
2 (k)| 0 0 0 &(k) <0 (11)
0 0 0 —03,MLMgp *
| 0 0 0 0 I ]
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where d1, 02, 041, 042 are the bounding parameter, and M1, Mo, Mg1, Myo are constant matrices
such that f(0,0,k) =0 and « = 0 is an equilibrium of system (2) for dj = 0.

The objective of this paper is to design observer-based non-fragile passive controller, substi-
tute non-fragile observer (4) and controller (5) into system (2), and let
e(k) = x(k) — Z(k), then resulting error closed-loop system is obtain by

6(]{3 + 1) (Go — LCy + AGy — ALC1) ( ) + AG()I(k) + (G1 + AGl)e(k — d)+
AG&(k — d) + Hiw(k) + f(z) — f(&) (12)
#(k+1) = (Go + HoK + HyAK)Z(k) + G12(k — d) + (L + AL)Cre(k) + f(2(k))

Before proceeding to this main results, the following useful assumption and lemmas are need.

Assumption 2.3. Suppose that the matriz C has full row rank (i.e. rank(Cy)=p).
for convenience of discussion, the singular value decomposition of C1 as follows:
C=uU[s 0]y
where is S € RP*P ¢ diagonal matriz with positive diagonal elements in decreasing order, 0 €
RP*("=P) s q zero matriz, and U € RP*P and V € R™™ are unitary matrices.

Lemma 1. [22] For a given Cy € RP*™ with rank(C1 )=p,assume that X € R"*" is a symmetric
matriz, then there exists a matriz X € RP*P such that C1X = XC1 if and only if
X1 0

~

0 X9

where #1117 € RP*P and 99 € R(—P)X(n=p)

X=V VT

S11 Sz

Lemma 2. [23] (Schur complement) For a given symmetric matriz S = ST = gT g
12 22

with S11 € R™7", the following conditions are equivalent:
(1) S <0
(2) S < 0, So9 — 5;25;11512 <0
(3) SQQ < 0, 511 — 51252_215?2 <0

Lemma 3. [2/] For given matrices Q = QY, H, and E, with appropriate dimensions

Q+HF(k)E+ ETFY(k)HT <0

holds for all F(k) satisfying F'* (k)F (k) < I if and only if there exists € > 0

Q+eHHY +c'EYE <0

Definition 4. The systems (2) is called passive if there exists a scalar 5 > 0 such that
Zw k) > 8, Yw € [0, 0]

where (8 is some constant which depends on the initial condition of the system.
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3 Main Results

Theorem 5. For system(2) and observer (3), if there exist two symmetric and positive matrices
R e R™"™ P e R"™™, two real matrices Y1 € R™*™ Y, € R™"™P and three positive constants €1,
€2, and €3 such that the following holds:

<0 (13)

then there exist two gains K = Y/ P!, and L = YgUSXﬂls_lUT, such that system is asymp-
totically passive stable.
where

Wi —R * * * * *  * *
0 Wy — P * * *  * *
0 0 -1 * * ok *
_ 0 0 0 —Q> * *  x *
=i —CyR  —CyP 0 0 -—Hy—HY % » «
0 0 0 0 0 0 x *
0 0 0 0 0 0 O *
GoR — Yo(4 0 Go O Hy I -I —-R
i Yoy GoP + HyY; 0 G, 0 0 I 0 7
0 0 0 0 00 0 eMf
EoR — EsCh R EoP Er E 000 0
0 0 0 0 0 00 0
Sop = ExCR 0 0 0 000 0
0 0 0 0 0 0O 0
0 EsP 0 0 0 0O 0
S1MiR 0 Sa1 My Oar Mar 000 0
i 0d2Maz |
[ -P * * * * * * *
0 —e1l * * * * * *
0 0 —e1d * * * * *
_ slMOT 0 0 —e1l * * * *
=2 = 0 0 0 0 —eal * % %
e1(HoMo)T 0 0 0 0 —eal * *
0 0 0 0 0 0 —e1l *
0 0 0 0 0 0 0 —e1l

Proof: Choose a Lyapunov function candidate for the system (12) as follow:
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V=WVi+Va+Vs+Vy
Vi = eT(k)Re(k)

Vo= 3 €"())Queli)

Vs = 2T (k) Pa(k)

Vi= (1) Qax(i)

where R=RT >0,Q1=Q7 >0,Q2=Q% >0, and P=PT > 0.
Define vector

i e(k) 1 " (Go— LCy + AGy — ALC)T 717
(k) AGE
e(k — d) (G1+ AGY)T
(k) = ik —d) . 0 = AGT
w(k) HY
[y, xp—a, k) I
| (@ Er—ar k) | -1 |

QQZ[H(L—FAL)C Go—HoK 0 G, 0 0 I]

Therefore,
AV = AVi + AVo + AV + AVy

= T (k)T RO1&(K) + €T (k)Qure(k) — eT(k — d)Qre(k — d)+

ET(k)OL POse (k) + T (k) Qo (k) — 2T (k — d)Qod(k — d) (14)
= {1 (k)ILE(K)
On one hand, the sufficient condition of stability AV < 0, implies that II; < 0, that is
i Q1—R * * x ok kK * * ]
0 Q2— P * * k% * *
0 0 -1 * ok x * *
0 0 0 Q2 * *x x * *
0 0 0 0 0 * % * *
= 0 0 0 0 0 0 * * o | =0

0 0 0 0 0 0 O * *

Go— LC1+

AGy — ALCY AG) Gi+AG, AGy H, I -1 —R! *

(L+AL)C  Go— HoK 0 Gi 0 0 I 0o —p!

(15)
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On the other hand, utilizing (14) with w(k) € 130, +o0] # 0, one is obtained by

AV — 22T (k)w(k) <

([ Q1 — R * * * ok Kk x|
0 Q:—P T
0 0 Q1 *x  x * x

ET(k) 0 0 0 —Q2 * x x| &

0 0 0 0 0 % *%
0 0 0 0 0 0 =

0 0 0 0 00 0
0T ROy + 05 POy — 2010, } £(k) = €T (k)€ (k)

If Tl < 0, then AV (k) — 22T (k)w(k) < 0 and from which it follows that

D w(k)z(k) > 1/2) AV =1/2[V(0) - V(c0)]

k=0 k=0

(17)

Due to V(k) > 0 for x # 0 and V (k) = 0 for z = 0, if follows as k — oo that system (12) is
strictly passive. In virtue of Definition 4, the strictly passive condition is guaranteed if IIy < 0

and it can be expressed conveniently as

Application of the Lemma 2 to (18) puts it into the form:

Substituting the uncertainty structure into (19) and rearranging, we get

[ @Q1— R * * * Kk Kk x]
0 Q:—P * * Kk Kk x
0 0 —Q1 *x  x * *
0 0 0 —Q2 x * * | +0TRO + 0 POy — 20704 <0
0 0 0 0 0 % =%
0 0 0 0 0 x
|0 0 0 00 0|

[ Q1—R * * * x *

0 Q2 — P * * * ok *

0 0 —Q1 * * *  x *

0 0 0 —Q2 * * % *

—Cs —Cy 0 0 —Hy — Hér — *

0 0 0 0 0 0 = *

0 0 0 0 0 0 O *

Go — LC1+

AGy — ALCy AGy Gi1+AG, AG H, I -I —-R!

(L+AL)C;  Go— Ho(K + AK) 0 G1 0 0o I 0

b S S . S S

<0



Observer-Based Non-Fragile Passive Control for Uncertain Nonlinear Sampled-Data System

with Time-Delay 489
[ @Q1— R * * * * ok ok * * ]
0 Q2 — P * * *  x % * *
0 0 -1 * ok % * *
0 0 0 —-Q2 *x *x * * *
—C —C 0 —-Hy * * *
0 0 0 0 0 * * (20)
0 0 0 0 0 0 0 * *
Go — LCy 0 Gy 0 H I —-I —-R! *
| LC  Go—-Hk 0 G 0 0 I 0 —pP]
+05F (k)06 + 0L FT (k)T + 07 F (k)0s + 0L FT (k)T + 09 F (k)610+

0T FT (k)T < 0

where

95:'0000000M§0]T
96::1@0—15201 Eo Ei Bt 0 0 0 0 0}
97:'00000000M0T]T
08::E201 00000000]

9o—=[0 0000000 (HOMO)T}T

910:_0E30000000}

Then by Lemma 3, the inequality (20) holds if and only if for some ¢; > 0 (i=1,---, 3)

IT3 + e10508 + &7 108 06 + £2070F + 25103 05 + e3000g + 307010 < 0 (21)
where
[ Q1 — R * * * *  x K * * ]
0 Q2 — P * * * ok K * *
0 0 Q1 * *  x K * *
0 0 0 —Q * *x = * *
I := —Cs —Cs 0 —Hy * % * *
0 0 0 0 0 =« * *
0 0 0 0 0 0 0 * *
Go — LCy 0 Gy 0 Hy I —-I —-R!' «
| LGy Go—HoK 0 G 0o o0 I 0 —p! |

On using the Lemma 2, it becomes that
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[ I3 * * * * * * ]
e10f —eil  « * * * *
O 0 —e1d * * * *
e20F 0 0 —eof % * * <0 (22)
s 0 0 0 —eol * *
esfy 0 0 0 0 —e3l «
i 910 0 0 0 0 0 —53[ ]
Thirdly, introduce nonlinearities (8) and (10) into (22), then
[ 11y * * * * * * ]
e10f —e1l  « * * * *
O¢ 0 —el * * * *
529? 0 0 —eqol * * * <0 (23)
s 0 0 0 —eol * *
esbs 0 0 0 0 —e3l x
i 910 0 0 0 0 0 —€3I ]
where
[ p1 * * * * ok %k * * ]
—(5%MFM1 v * * * Kk * * *
0 0 v3 * * ok ok * *
0 0 —521]\/[(}1]\/[(11 V4 * Kk * * *
114 := —Cy —Csy 0 0 —Hy * «x * * <0
0 0 0 0 0 0 =« * *
0 0 0 0 0 0 0 * *
Gy — LCy AGy Gy 0 H; I —-I —-R! *
. L1 Go— HoK 0 GG 0 0 I 0 —P]
©1=0Q1— R— MM
po = Q2 — P — 6 M|" My — 65 My M,
3 =—Q1— 03, ML Mgy
@4 = —Qo — 63, M, Mgy — 63, M, Mo
13 columns
Pre-multiplying and post-multiplying (23) by diag{ Rl p-i ’I_/\T } , and from

Lemma 1, tlle condition C; R = f%Cl holds, moreover, setting Y, = LR. In the meanwhile, define
P=Pl'R=R'VY,=KP,W, = R'QiR~", Wy = P~1Q,P"1, it is seen that (23)<0 is
equivalent to (13), the means that the system (12) is asymptotically passive stable.

Theorem 6. For system(2) and observer (3), if there exist two symmetric and positive matrices
R e R™" P e R™™ two real matrices Y3 € R™*" Yy € R™P and three positive constants €4,
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€5, and ¢ such that the following holds:

(24)

Q1 QF
<0
Qo1 Qoo

then there exist two gains K = Y3P~', and L = K;USXilS_lUT, such that system is asymp-
totically passive stable.

where
[ W5—R * * * * x x|
0 W, — P * * *x  * *
0 0 Q1 x * *  x *
0 0 0 —Q2 * * *
fn = —C9R —CyP 0 0 —Hy — HQT * % *
0 0 0 0 0 0 * %
0 0 0 0 0 0 O *
GoR — Y4Cy 0 Gy 0 H,y I -1 -R
i Y.Ch GoP + HyYs 0 G 00 I 0
0 0 0 0 0 0 0 egM{
EoR — E5C1R EoP Ey Ey 000 0
0 0 0 0 0 00 0
Qo = E>CR 0 0 0 000 0
0 0 0 0 0 00 0
0 EL Y3 0 0 0 00 0
.M R 0 sy M 0 o
i dd2Maz |
i -P * * * * * A
0 —eyl * * * * * *
0 0 —eyl * * * * *
54M0T 0 0 —e5l * * * *
12 = 0 0 0 0 —esl x  *
ea(HoMg)T 0 0 0 0 —eI * %
0 0 0 0 0 0 —egl =
0 0 0 0 0 0 0o I

Proof: Theorem 6 ’s proof is same to Theorem 5, so is omitted.

4 Numerical Example

Consider the plant of sampled-data system (1) with the parameters:
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0 1 0 0 1 0 0.1 0.1 0.1 0.2
Ap=|0 0 1| A4 =|1 0 0| By=| 0 12|, B=| 0 15
1 -3 1 1 -3 1 0.5 0.1 0 0.1

1.5 0.6 1.0 s 4 0.1 0.1
Cr=105 06 0 ’02:[ ]’HQ: 01 01 | H3=05

By Theorem 1 has a solution:

3.8697 —2.7891 —0.4465
P=| —27891 20973 -0.0138 | Y} =

1.4006  —0.8149 —0.9412
—0.4465 —0.0138 1.3967

—13.8330 9.8716 2.0314]

0.3864 —0.3364 —0.3658
R=| —03364 03753 02113 |6 X;; = [
—0.3658 0.2113  0.4907

0.0059 0.0333 )
0.0333 0.2139 , Xoo = 1.0326

The non-fragile passive observer-based control are given by

—6.5298 —9.0418
L=Y,USX;'s~lUT = | 27828 39663 | K =Y,p~'= [
8.6606  11.5095

—1.3147 2.9654 1.0635
0.3124 0.0231 —-0.5738

We present design method of observer-based non-fragile passive controller in this paper, the
simulation results are given in Figure 1. From Figure 1, it can be seen the state estimation Z(t)
has a good trace performance with the external disturbance and input nonlinearity.

5 Application to Stabilization of An Inverted Pendulum on A
Cart

An inverted pendulum on a cart [25] is depicted in Figure 2

In this model, a pendulum is conjuncted to the topside of a cart by a pivot, which is allowed
to swing in the xy—plane. A force w acts on the cart in the x direction, in order to keep the
pendulum balance upright. z(t) is the displacement between central mass of cart and the origin
0; 0 is the angle of the pendulum from the top vertical.

Which is described by the following dynamics by applying Newtons Second Law

(M 4 m) i 4+ mlf cos§ — mlf*sinf = u

4 ..
mlZ cos + §ml20 —mglsinf =0
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. X 3t "
STl X, with oberver L 1 || o X, with oberver L
—-—-— X, with observer L, 51 —-—-— &, with observer L,

0 5 10 15 20 25 30 35 40 45 50

t/step

X, with oberver L

X, with observer L,

1 1 1 1 1 1 1 1 1
0 5 10 15 20 25 30 35 40 45 50
t/step

Figure 1: The simulation of non-fragile observer with additional perturbation

T . 1T
Now, by selecting state variables z = [ 2zl 22 = [ 0 0 } and by linearizing the above

model at the equilibrium point z = 0, we obtain the following state-space model:

‘ 0 1 0
Z(t) = 3(M+m)g 0 Z(t) + o 3 u(t) (25)
TAM+m) (@M +m)
Here the parameters are selected in Table 1, by assuming the sampling time to be
T = 0.1 s, the discretized model for the above pendulum system in (21) is given by
1.0877 0.1029 —0.0000
2=\ 2700 voser | P | Zo.os2 | 4R (26)

The poles of the system are 0.6598 and 1.5156, thus this discretized system is unstable. It is
assumed that a non-fragile control law with additive form is given by

u(k) = { 219.023 49.786 ]x(k:) (27)
The other non-fragile control law with multiplicative form is given by
u(k) = [ 199.755 52.011 ]x(k) (28)

Table 1. An inverted pendulum parameters
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Ny
m
My 0
ut) | M x
\J )

Figure 2: A pendulum system perturbation

System parameter Values
Mass of the cart M (kg) 8.0
Mass of the pendulum (kg) 2.0
Half length of the pendulum (m) 0.5
Acceleration of gravity (m/s?) 9.8

10 20 30 40 50 60 70 80 90 100 - 0 10 20 30 40 50 60 70 80 90 100
t/step t/step

(a) regular controller (b) non-fragile controller

0 10 20 30 40 50 60 70 80 9 100 0 10 20 30 40 50 60 70 8 90 100
t/step t/step

(c) non-fragile controller with non- (d) control input
liearity

Figure 3: State response of the pendulum system and control input

The simulation results are given in Figure 3. In fact, for sampling period Ty = 0.1s, LMI
(13) remain solvable. State response curve of regular controller is divergent in Figure 3(a),
however, the curve is convergent for non-fragile controller in Figure 3(b). Furthermore, it is still
convergent, when there exists a nonlinear perturbation in Figure 3(c). A corresponding control
input is shown in Figure 3(d).
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6 Conclusions

The problem of observer-based non-fragile passive control of uncertain nonlinear sampled-
data system with time-delay has been studied. A LMI based approach to designing state observer
and non-fragile controller, which ensure the passivity of the resulting error closed-loop system
has been developed. A numerical example has been provided to demonstrate the effectiveness
and applicability of the proposed approach.
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